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On  Genuinely  Multi-dimensional  Upwinding 
in  the  Finite  Volume  Context 


Remi  Abgrail 
INRIA,  BP  93 

09  90 S  Sophia  Antipolis  Cedex,  Prance 

Genuinely  multidimensional  upwinding  is  a  very  active  research 
field  since  a  few  years.  The  goal  is  to  improve  the  now  clas¬ 
sical  multidimensional  upwind  schemes  (that  rely  on  1-D  Rie- 
mann  solvers)  by  a  better  treatment  of  of  the  multidimensional 
features  of  the  flow.  One  may  cite  [1]  in  the  finite  volume 
context  where  a  tricky  modification  of  1-D  Riemann  solvers  it 
used.  Nevertheless,  the  most  advertised  way  to  achieve  this 
goal  seems  to  be  the  so  called  fluctuation  schemes  by  Roe  and 
Deconinck  (see  [2]  for  a  review  and  [3]  for  the  state  of  the  art) 
These  schemes  rely  on  three  steps  :  a  genuinely  multidimen¬ 
sional  second  order  scheme,  a  Roe  type  linearization  of  the 
Euler  equations  and  a  wave  model.  The  most  criticized  step  of 
this  method  is  the  last  one  because  the  choice  a  specific  wave 
model  is  not  a  clear  task.  As  we  will  see  it  later,  the  second 
step  can  also  be  criticized. 

Here,  we  have  chosen  to  follow  the  Roe's  original  methodology  : 
find  a  linearization  consistent  with  the  Euler  equation  and  then 
solve  the  Riemann  problem  for  the  linearized  equation  to  define 
a  numerical  flux. 

A  consistent  linearization  can  be  constructed  as  follows.  In 
the  plane,  we  consider  n  angular  sectors  D,,i  =  1,  ■  ■  • ,  n,  that 
meet  at  point  O  ;  a  constant  state  W,  is  assumed  in  each  D| . 
Let  us  denote  by  this  initial  condition.  For  the  sake  of 

simplicity,  we  assume  three  angular  sectors,  but  the  generaliza¬ 
tion  is  easy.  We  also  assume  the  uniqueness  of  the  (self-similar) 
solution  in  L°° ,  denoted  by  R($/U,  f/U,  )  :  the  behavior 
of  the  2-D  Riemann  problem,  even  in  a  simplier  geometrical 
situation,  is  a  very  difficult  problem  [5].  This  assumption  is 
well  supported  by  all  the  numerical  simulations.  For  any  tri¬ 
angle  T  which  intersection  with  the  D,  ’s  is  never  empty  and 
number  A,  we  define  T\  the  triangle  obtained  from 
O  +  AT.  The  divergence  theorem  applied  to  T\ 


^ J  [«({,*.,  W(,))-  W(,)(e,v)]  dfdv 

+  \  J  f*(W<°>)d/  =  0  (1) 

where  a*  usual,  A  is  the  outward  norma]  unit  vector  and  F 4  the 
normal  flux  to  the  boundary  of  T.  If  Wt  +  AWX  +  BWy  =  0  is 
a  linearization  of  the  Euler  equations,  a  similar  equation  as  (1) 
can  be  obtained  between  the  exact  splution  of  the  linearized 
problem  with  the  initial  condition  W'  '.  A  requirement  on  A 
and  B  can  be  that  in  the  limit  X  -*  +00,  the  exact  solutions 
of  both  Riemann  problems  are  equal  in  average.  This  leads  to 
the  equation 

J2  *». Wi = £  (2) 

i*l,3  i*l,3 

where  /tf,  =  ^  xtAdl  (  Xi  t^ie  characteristic  function  of  Dt). 
In  1-D,  this  condition  on  the  linearized  Jacobian  matrix  leads 
to  the  well  known  Roe  average  [4j. 

In  the  present  case,  we  assume  a  perfect  gas  equation  of  state 
with  a  constant  ratio  of  specific  heats,  y,  and  the  following 
condition  on  A  and  B 

J=JW  (PEr(H'(0)))  ~  (W(W<°>))  ,  (3) 

where  W(W(°>)  is  an  average  state  to  determine.  This  assump¬ 
tion  simplifies  the  system  (2)  :  no  equation  on  the  density,  two 
quadratic  equations  on  the  r-  and  y-  velocity  involving  only 
the  velocity  and  a  cubic  equation  on  the  total  enthalpy. 


for  any  real 
T  by  TX  = 
gives 


lim  — 
A— +00  A 


The  two  equations  on  the  component  of  the  velocity  can  be 
interpreted  geometrically  as  the  intersection  of  two  hyperbolas 
There  are  always  at  least  two  solutions  to  the  problem,  and 
possibly  four  “  in  the  full  paper,  we  provide  a  parametric 
study  of  the  solutions  and  describe  a  criterion  to  get  the  "right" 
solution  of  the  problem  [7]  We  also  discuss  the  hyperbolicity 
of  the  linearized  system  i.e.  the  positivity  of  the  square  of  the 
averaged  speed  of  sound. 

The  Roe's,  Struijs  tc  Deconinck  linearization  does  not  satisfy 
condition  (2)  ,  and  then  is  not  consistent  with  the  Euler  equa¬ 
tions.  A  simple  counter  example  is  given  by  two  states  W L  and 
Wjj  separated  by  a  stationary  planar  shock  We  artificially  di¬ 
vide  the  left  half  plane  in  two  parts  with  the  same  state,  W ; 
Roe's  et  al  solution  is  does  not  give  the  true  jump  conditions 
contrarily  to  ours  that  reduces  to  the  classical  1-D  jump  condi¬ 
tions  and  then  to  Roe's  original  equation  Nevertheless,  their 
linearization  procedure  always  lead  to  a  hyperbolic  system 
Once  this  is  done,  it  remains  to  solve  the  linearized  problem 
exactly.  One  first  notices  that  a  Galilean  change  of  variables 
reduces  the  problem  to  the  solution  of  a  pure  acoustic  one 
The  main  difficulty  of  this  latter  one  lies  in  the  computation  of 
the  solution  in  the  vicinity  of  point  O,  more  precisely  in  a  disc 

of  center  O  and  radius  c  =  —  1  )([H  -  ^[u*  +  v2 )]  ( H  is 

the  enthalpy  and  u,  v  are  the  components  of  the  velocity  of 
the  averaged  state  W( ))  To  get  the  solution  in  this  disc, 
the  idea  is  to  rewrite  it  in  term  of  the  eigenvectors  of  cost  A  + 
sin  8~S,  tor  any  t,  thus  the  independent  variables  are  now  8  and 
r  =  \J f2  +  i/2,  and  a  change  of  variable  leads  to  a  Laplace 
equation  that  is  solvable  because  the  boundary  condition  on 
the  circle  of  radius  Z  are  deduced  from  the  Rankine-Hugomot 
relations  for  the  linearized  equation.  Fbrtunately,  it  is  easy  to 
write  them  in  the  r-,  8-  coordinates  and  then  to  write  down  an 
explicit  solution.  Away  for  this  disc,  the  solution  reduces  to 
the  classical  1-D  one.  All  the  details  can  be  found  in  [6]. 

Then  a  numerical  fiux  can  be  constructed.  For  now,  no  experi¬ 
mental  studies  has  been  conducted  to  validate  this  method  but 
we  hope  to  make  some  for  the  time  of  the  conference. 

[1]  D.W.  Levy,  K.G.  Powell,  and  B.  van  Leer,  “Use  of  a  Ro¬ 

tated  Riemann  Solver  for  the  2-D  Euler  Equations,"  J. 
Comput.  Phys.,  vol.  106,  1993. 

[2]  B.  van  Leer,  “Progress  in  Multi  Dimensional  Upwinding," 

in  Proceedings  of  13th  International  Conference  on 
Numerical  Methods  ,n  Fluid  Dynamics,  Rome,  July 
199i,  eds.  Napolitano  and  Sabetta,  Lecture  Notes  in 
Physi.s,  vol.  414,  Springer- Verlag,  New  York,  1992 

[3]  R.  Struijs,  H.  Deconinck,  and  P.L.  Roe,  “Fluctuation  Split¬ 

ting  Schemes  for  the  2D  Euler  Equations,"  Von  Karmkn 
Institute  for  Fluid  Dynamics  Lecture  Series  1991-01, 
February  18-22,  1991. 

[4]  P.L.  Roe,  J.  Comput.  Phys.,  vol.  63,  1981. 

[5]  T.  Zhang  and  Y.  Zheng,  "Conjecture  on  the  Structure  of 

Solutions  of  the  Riemann  Problem  for  Two-Dimensional 
Gas  Dynamic  Systems,”  SIAM  J.  Math.  Anal.,  vol.  21, 
pp.  593—630,  1990. 

[6]  R.  Abgrail,  “A  Genuinely  Multidimensional  Riemann  Sol¬ 

ver,"  INRIA  Report  No.  1859,  February,  1989 

[7]  R.  Abgrail,  “A  Consistent  Linearization  for  the  2-D  Euler 
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“In  the  1-D  case  a  similar  approach  can  be  adopted. 
There  are  always  two  solutions :  the  classical  Roe’s  solution 
and  a  spurious  one  that  is  eliminated  because  it  becomes 
unbounded  in  the  limit  of  a  vanishing  density  gradient 
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A  Method  with  Automatic  Error  Control  for 
Numerical  Solution  of  the  Wave  Equation 

Roumen  Anguelov 
Vista  University 
Department  of  Mathematics 
Box  ISSl  Welkom  9460 
Republic  of  South  Africa 

A  numerical  method  producing  lower  and  upper  bounds  for 
the  solution  of  the  wave  equation  is  presented.  We  focus  our 
attention  on  the  one-dimensional  equation 

“it  -  <*xx  =  /(*.<.«*)  (1) 

as  a  model  example  but  moat  of  the  results  can  be  generalized 
for  the  multidimensional  case 

The  development  of  the  method  is  based  on  the  concept  of 
Operator  of  Monotone  Type  as  introduced  by  L.Collstz  We 
use  that  under  certain  conditions  the  hyperbolic  operator  in 
(1)  is  an  operator  of  monotone  type. 

The  method  is  of  spectral  type.  The  bounds  are  obtained  in 
the  form  of  trignometric  polynomials  about  x  and  quadratic 
splines  about  t  using  nodes  t*,  k  =  0, 1,  2, . .  In  the  nonlinear 
case  an  iterative  procedure  producing  contracting  bounds  is 
applied  in  any  time  interval. 

This  numerical  solution  carries  within  itself  an  assurance  of  its 
quality  because  the  exact  solution  is  enclosed  by  a  lower  and 
an  upper  bound.  However  a  theoretical  estimate  of  the  rate  of 
approximation  is  also  presented. 

Numerical  results  for  some  linear  and  nonlinear  (/(*,t,u)  = 
iu3  4-  $(«,*))  equations  are  considered. 

Application  of  Interval  and  Computer  Arithmetic  to  secure  the 
bounds  against  rounding  errors  and  to  obtain  higher  accuracy 
is  also  discussed 


Two-Dimensional  Finite  Volume 
Extension  of  the  Nessyahu-Tadmor  Scheme 
for  Conservation  Laws 

Paul  Arminjon  “ 

Dtp.  de  MathimaUquts  et  de  Statistique 
University  dt  Montreal 
C.P.  6128,  Sue c.  centre-vxlle 
Montreal  Quebec 
Canada,  H3C  3J7 

Marie- Claude  Viallon 

£quipc  d’ analyse  numinque 
University  de  Satnt~£tienne 
23  rue  Paul  Mxchelon 
42023  Saint-£tienne  Cedex  2 
Prance 

Presented  by  Paul  Arminjon 

In  an  attempt  to  construct  a  simplified  version  of  high  res¬ 
olution  non-oscillatory  Godunov-type  methods  for  hyperbolic 
conservation  laws,  Nessyahu  and  Tadmor  proposed  an  elegant 
scheme  based  on  a  combination  of  the  staggered  form  of  the 
Lax- Friedrichs  scheme  and  van  Leer's  high  resolution  Godunov- 
type  methods.  The  main  feature  of  their  scheme  lies  in  the  fact 
that  it  does  not  require  the  detailed  solution  of  the  Riemann 
problems  generated  at  the  cell  interfaces,  thanks  to  the  use 
of  the  staggered  Lax- Friedrichs  scheme,  and  still  gives  second 
order  resolution. 

We  present  a  two-dimensional  Unite  volume  method  based  on 
applying  the  principle  of  their  scheme  to  a  finite  element  trian¬ 
gulation  and  a  finite  volume  formulation  using  the  barycentric 
cells  as  well  as  a  dual  set  of  cells  to  perform  the  second  step  of 
the  scheme. 

In  a  separate  paper,  we  prove  an  L°°  estimate  of  the  numerical 
solution  and  obtain  L°°-weak  convergence  to  a  weak  solution 
of  ut  +  P  •  grad  u  =  0.  The  method  is  presently  applied 
to  several  test  problems. 

“This  research  was  supported  by  a  grant  from  the 
National  Science  and  Engineering  Research  Council  of 
Canada,  and  by  an  FCAR  grant  from  the  Government  of 
the  Province  of  Quebec. 
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The  Initial  Boundary  Value  Problem  for  the 
Hyperbolic  System  of  Conservation  Laws 


Singularities  and  Interfacial  Patterns 
in  Hele-Shaw  Flows 


Fumioki  Asakura 

Faculty  a }  Economics 
Otemon-Gakuxn  University 
2-1-15  Nishiai,  Ibaraki-city 
Osaka  56 7,  Japan 

Let  us  consider  a  general  n-system  of  conservation  laws: 

u,  +  F(i/)x  =  o  (i) 

We  assume  that  (1)  is  hyperbolic  with  non-zero  characteristic 
speeds  and  each  characteristic  Held  is  genuinely  nonlinear  in  the 
sense  of  Lax. 

We  study  the  large-time  behavior  of  solutions  of  the  initial 
boundary  value  problem  of  (1)  with  prescribed  initial  values: 

£/(*,  0)  =  Uo(x)  for  r  >  0  (2) 

and  boundary  conditions: 

F(U( 0,  0)  -  H(t )  6  M  for  t  >  0  (3) 

Here  do(£)  and  H(t)  aare  given  vector  functions  and  M  is  a 
fixed  subspace  of  R"  whose  dimension  is  n  -  (n+  :  the 

number  of  the  positive  eigenvalues  of  F  (£/))  Let  £*(U)  be 
the  direct  sum  of  the  eigenspaces  corresponding  to  the  positive 
eigenvalues  of  F  ( U ).  We  further  assume  that  the  boundary 
conditions  satisfy  Lopstinski  condition  for  all  U  £  Cl 

£+({l)£  M  =  0.  (4) 

We  can  show  that,  as  t  — •  oo,  the  solution  converges  to 
the  superposition  of  shock  waves  and  rarefaction  waves  whose 
strength  and  speed  depend  only  on  the  data  at  infinity.  We 
also  obtain  algebraic  rates  of  convergence.  Proof  consists  in 
showing  that  total  amount  of  interaction  of  waves  involving 
reflected  waves  is  uniformly  bounded. 


Greg  Baker 

Department  of  Mathematics 
The  Ohio  State  University 
100  Mathematics  Bid}. 

231  W.  18  Avenue 
Columbus,  OH  43210-117J 

Interest  in  interfacis!  motion  in  Hele-Shaw  cells  stems  from 
analogies  with  flow  in  porous  media,  dendritic  growth,  and 
bubble  competition  in  Rayleigh-Tkylor  instabilities  Depend¬ 
ing  on  the  strength  of  surface  tension  effects,  interfacial  pat¬ 
terns  may  contain  multiple  fingers  in  competition,  tip-splitting 
at  the  leading  edge  of  a  finger,  branching  along  the  sides  of 
a  finger,  and  even  fractal  behavior  for  very  small  surface  ten¬ 
sion  coefficients.  The  usual  fluid  equations  for  the  flow  can  be 
simplified  by  a  conformal  map  of  the  physical  domain  into  a 
unit  disk.  The  presence  of  singularities  in  the  conformal  map 
outside  the  disk  introduce  specific  structures  in  the  physical 
domain.  Depending  on  the  location  and  nature  of  the  singu¬ 
larities  we  find  interfacial  patterns  such  as  fingers  undergoing 
competition,  tip-splitting  and  side-branching  Generically,  sin¬ 
gularities  move  towards  the  boundary  of  the  unit  disk,  induc¬ 
ing  the  formation  of  these  interfacial  patterns  We  present  a 
new  numerical  method  that  can  track  the  location  of  singular¬ 
ities  outside  the  unit  disk  in  time  efficiently  This  allows  us  to 
watch  the  development  of  interfacial  patterns  as  singularities 
approach  the  unit  disk. 
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Wave  Processes  in  a  Three  Phase  System 
of  a  Collapsing  Bubble 
Near  a  Compliant  Wall 

Christian  Dickopp  and  Josef  Bailmann 

Lehr-  und  Forschungsgebtet  fur  Mechantk 
RWTH  Aachen 
Templergraben  64 
D-52062  Aachen,  Germany 

Presented  by  Josef  Bailmann 

The  material  damaging  process  caused  by  cavitation  bubbles 
and  characterised  by  strong  shock  waves  and  liquid  jets  to¬ 
wards  the  wall  is  still  an  unsolved  problem.  The  shock  waves 
arise  first  and  foremost  in  the  liquid  phase  [1]  which  is  there¬ 
fore  to  be  assumed  as  compressible.  So  the  three  phases  are  a 
compressible  viscous  gas  phase  in  the  bubble,  a  compressible 
viscous  liquid  phase  and  the  compliant  wail  which  is  assumed 
to  be  elastic-plastic.  Neglecting  the  viscous  effects  in  the  fluid 
the  conservation  laws  in  the  three  phases  form  three  different 
hyperbolic  systems  which  are  coupled  at  the  material  interfaces 
by  jump  conditions. 

The  paper  deals  with  the  basic  problem  of  a  single  bubble  col¬ 
lapsing  near  a  compliant  wall,  including  the  viscous  effects.  A 
second  order  FEM-FCT  method  is  developed  to  treat  the  two 
fluid  phases  in  a  fully  coupled  way  whereby  the  conditions  at 
the  gas  liquid  interface  (surface  traction,  heat  transfer  and  con¬ 
densation/evaporation)  are  integrated  into  the  solution  scheme 
like  for  an  interior  boundary.  The  method  contains  two  time 
steps  where  the  diffusive  effects  are  taken  into  account  in  the 
second  step.  At  the  fluid  solid  interface  the  method  is  coupled 
with  a  two  step  Godunov  type  method  for  elastic-plastic  waves 
in  solids  [2].  The  jump  condition  at  the  fluid  solid  interface  are 
satisfied  applying  both  methods  iteratively. 

The  paper  will  present  the  solution  method  and  numerical  re¬ 
sults  for  a  typical  application. 

[I]  H  Westenberger,  “Zur  Dynamik  des  Impulstransportes  in 
Blasigen,  Kompressiblen  Fliissigkeiten,"  Dr.  Rer.  Nat. 
Thesis,  RWTH  Aachen  1987. 


Multidimensional  Algorithms  for 
Relativistic  Hydrodynamics 

Dinshaw  S.  Balsara 

National  Center  for  Supercomputing  Applications 
Un tv.  of  Illinois 

In  this  work  we  present  a  formulation  of  the  Riemann  solver 
for  relativistic  hydrodynamics  The  Riemann  solver  presented 
here  is  an  extension  to  the  relativistic  regeime  of  the  high 
quality,  two  shock  Riemann  solver  for  non-relativistic  hydro¬ 
dynamics  presented  by  Van  Leer  (1979)  and  Colella  (1982) 
It,  therefore,  shows  the  same  advantages  that  the  previously 
mentioned  Riemann  solvers  show  for  non-relativistic  hydrody¬ 
namics,  viz.  exact  treatment  for  strong  shocks  and  accurate 
treatment  of  contact  discontinuities.  We  then  incorporate  the 
Riemann  solver  into  a  multidimensional  TVD  algorithm  and 
show  that  the  algorithm  allows  to  calculate  with  precision  sev¬ 
eral  flows  with  very  high  Lorenz  factors  (  i  e.  flows  with  speeds 
very  close  to  the  speed  of  light ) 


[2]  X.  Lin  and  J.  Ball  man,  "A  Riemann  Solver  and  a  Second- 
Order  Godunov  Method  for  Elastic-Plastic  Wave  Prop¬ 
agation  in  Solids,"  Int.  J.  Impact  Engrg.,  vol.  13,  pp. 
463-478,  1993. 
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Roe-Type  Riemann  Solver  for 
Magnetohydrodynamics 


Eulerian  Formulation  of  the 
MHD  Riemann  Problem 


Dinshaw  S.  Balsara 

National  Center  for  Supercomputing  Applications 
Umv.  of  Illinois 

Phil  Roe  and  Kenneth  Powell 

Dept,  of  Aerospace  Engrg. 

Untv .  of  Michigan,  Ann  Arbor 

Presented  by  Dinshaw  S.  Balsara 

In  this  paper  we  present  linearized  formulations  of  the  Riemann 
problem  for  magnetohydrodynamics  (MHD).  Both  algebraic 
and  canonical  path  formulations  have  been  constructed.  Nu¬ 
merical  experiments  show  the  difference  in  the  formulations  to 
be  slight-  The  approximate  Riemann  solver  has  Roe's  “Prop¬ 
erty  U”  ensuring  that  isolated  shocks  are  captured  exactly.  The 
Riemann  solver  has  been  used  in  a  sequence  of  multidimen¬ 
sional  upwind  TVD  schemes.  The  schemes  have  exceptional 
entropy  enforcement  and  very  high  resolution.  Several  details 
of  the  schemes  are  presented  here. 


Dinshaw  S.  Balsara 

National  Center  for  Supercomputing  Applications 
Umv  of  Illtnois 

In  this  paper  we  formulate  the  Riemann  problems  for  non- 
relativistic  and  relativistic  MHD  using  the  technique  of  Lorenz 
transformations  developed  by  Balsara  (1994)  J  Comp  Phys 
This  permits  us  to  arrive  at  an  exact  Riemann  solver.  More¬ 
over,  the  problem  resolves  itself  into  its  component  waves  in 
the  eulerian  frame.  This  allows  schemes  for  MHD  that  are 
formulated  in  the  direct  eulerian  frame  of  reference  to  make 
use  of  this  Riemann  solver.  Results  are  presented  for  this  for¬ 
mulation.  Comparisons  with  a  Roe  formulation  for  the  same 
problem  are  also  presented. 
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A  Zero- Relaxation  Limit  Model  for 
Two-Phase  Fluid  Flows 


Cartesian  Grid  Algorithms  for 
3-D  Euler  Flows  in  Complex  Geometry 


Frxncois  Bereux 
CMAP,  Ecole  Polytechnique 
F-91128  Palaiscau  Cedes,  France 

An  important  problem  affecting  solid  rocket  motors  is  the  exis¬ 
tence  of  combustion  instabilities.  These  are  oscillations  devel¬ 
oping  in  the  motor  which  are  coupled  with  the  acoustic  modes 
of  the  motor  and  which  can  be  very  damageful.  In  modem  solid 
rocket  motors,  small  aluminium  particles  are  included  in  the 
propellant  to  increase  the  specific  impulse.  Their  presence  also 
affects  the  flow  inside  the  motor  and  can  attenuate  these  insta¬ 
bilities  (see  [!})  We  are  interested  in  the  numerical  prediction 
of  the  damping 

To  simplify  the  analysis,  we  consider  that  all  the  particles  in 
the  flow  have  the  same  radius  r,  and  that  the  gas  and  the  parti¬ 
cles  only  interact  through  the  drag  force.  Thus  the  flow  inside 
the  motor  can  be  modelled  as  a  two-phase  fluid  flow,  one  phase 
consisting  in  the  burnt  gases,  the  other  one  consisting  in  the 
cloud  of  oxidated  aluminium  particles  (see  [2]).  Under  reason¬ 
able  assumptions,  this  model  writes  as  an  hyperbolic  system  of 
conservation  laws  with  a  stiff  relaxation  term: 

a,U  +  d*F(U)=  e  R»  (!) 

The  relaxation  time  e  is  proportional  to  the  square  of  the  radius 
r. 

Since  the  source  term  is  stiff,  we  expect  (see  [3])  system  1  to 
behave  like  its  zero- relaxation  limit  for  small  size  particles. 

We  derive  the  zero- relaxation  limit  and  give  its  order  1  correc¬ 
tion  (following  [4]),  which  leads  to  an  hyperbolic  system  with 
new  variables  u  g  Rs  which  writes: 

0t*»  +  0xt(  u)  =  c9x(D(u)dxu),  (2) 

where  D(u)  is  a  non-negative  tensor. 

Numerically,  we  solve  both  system  using  Strang  operator  split¬ 
ting  combined  with  a  second  order  Van  Leer  scheme.  We  im¬ 
pose  the  timestep  to  be  determined  solely  by  the  CFL  condi¬ 
tion  on  the  hyperbolic  part.  We  compare  both  system  on  the 
prediction  of  the  damping  of  a  sine  wave  propagating  in  the 
flow.  As  expected,  when  the  relaxation  time  is  small  compared 
to  the  timestep,  system  (2)  predicts  the  correct  attenuation, 
while  system  (1)  can  not. 

But  we  show  that  an  important  feature  of  the  physical  system, 
namely  the  existence  of  an  optimal  radius  for  the  attenuation 
is  not  predicted  by  the  relaxed  system  (2)  even  with  its  first- 
order  correction.  We  give  a  validity  criterion  on  the  relaxation 
time  to  determine  when  the  relaxation  limit  looses  its  accuracy. 

(1]  F.E.  Cullick,  "Combustion  Instability  in  Solid  Rocket  Mo¬ 

tors,"  CPIA  Publication  290,  1981. 

(2]  L.  Sainsaulieu,  Ph.D  Thesis,  Ecole  Polytechnique,  1991. 

(3]  T.-P  Liu,  "Hyperbolic  Conservation  Laws  with  Relax¬ 

ation,"  Common.  Math.  Phyt.,  vol.  108,  1987. 

(4]  G.-Q.  Chen,  D.  Levermore,  T.-P.  Liu,  “Hyperbolic  Conser¬ 

vation  Laws  with  Stiff  Relaxation  Terms  and  Entropy,” 
preprint,  1992. 


Marsha.  Berger 

Courant  Institute 
Neui  York  University 
251  Mercer  Street 
New  York,  NY  10012-2110 

We  discuss  Cartesian  (non-body-fttted)  mesh  algorithms  for 
solving  fluid  flow  problems  in  complicated  geometries  Carte¬ 
sian  mesh  methods  have  the  advantage  that  no  explicit  mesh 
generation  or  body  fitted  grids  --  needed,  which  greatly  re¬ 
duces  the  human  effort  needed  f-  implex  flow  computations 
Also,  Cartesian  grid  difference  mei  ids,  used  in  the  interior  of 
the  flow  region,  are  accurate,  robust,  and  vectorizable  How¬ 
ever,  it  is  a  challenge  to  And  stable  and  accurate  difference  for¬ 
mulas  for  the  irregular  cells  cut  by  the  boundary  We  present 
our  approaches  to  this  difficult  problem  We  give  numerical 
convergence  results  for  test  problems  in  2D  steady  flow  Com¬ 
putational  results  for  full  3D  aircraft  are  also  presented 


Development  of  Singularities  of  Solutions  of  a 
Nonlinear  Hyperbolic  Problem  Despite 
Boundary  Damping 

Pascale  Bergeret  and  Denis  Serre 
UMR  138,  UMPA  ENS-Lyon 
+  6,  Alice  d'ltahc 
69361  LYON  Cedez  07,  France 


Presented  by  Pascale  Bergeret 


Let  ue  consider  a  strictly  hyperbolic  system  of  two  first  order 
partial  differential  equations  written  in  the  diagonal  form 


f  +  Ai(ui)  9xw\  =  0 

\  9,W]  +  A2(ti»)  dxW2  —  0 


,  t  >  0,  Aj(ui)  <  0  <  Aj(tu)Vu), 
(1) 


where  u  is  a  vector  with  two  components  ui,,  uij 

The  initial  value  w°  is  assumed  to  be  closed  to  a  constant  tS, 

which  we  can  take  equal  to  0. 

It  is  well  known  that  smooth  solutions  of  (1)  generally  exist 
only  for  a  finite  time,  breaking  down  because  their  first  deriva¬ 
tives  blow  up.  The  time  beyond  which  a  solution  cannot  be 
continued  can  be  given  asymptotically  (see  P.O.  Lax). 

When  considering  the  same  system  in  the  strip  R+  x]0,  L[,  one 
adds  boundary  conditions 


u>2  =  /(uii )  at  x  =  0  and  w,  =  y(u*2)at  z  —  L 

Compatibility  conditions  will  insure  at  least  the  local  existence 
of  a  C°°  solution. 

J.M.  Greenberg  and  Li  TW-tsien  proved  there  exists  a  unique 
global  solution  whenever  the  initial  data  is  small  in  the  C°° 
norm  and  |/'(0)  y'(0)|  <  1. 

The  question  to  be  discussed  is  the  importance  of  the  smallness 
in  the  C°°  norm  postulated  in  the  theorem  above  :  it  will  be 
shown  that  there  exist  initial  data  which  are  small  in  the  C' 
norm  and  whose  derivatives  blow  up  after  several  reflexions 
despite  the  boundary  damping  |/'(0)  j'(0)|  <  1. 

[1]  J  M.  Greenberg  and  Li  Ts-tsien,  “The  Effect  of  Boundary 

Damping  for  the  Quasilinear  Wave  Equation,"  J.  Dif¬ 
ferentia I  Equations,  vol  52,  pp.  66-75,  1964. 

[2]  PD  Lax,  “Development  of  Singularities  of  Solutions  of 

Nonlinear  Hyperbolic  Partial  Differential  Equations,” 
J.  Math.  Phys.,  vol  5,  pp  611-613,  1964. 


The  Numerical  Wave  Speed  for 
Scalar  Hyperbolic  Conservation  Laws 
with  Source  Terms 

A.C.  Berkenbosch,  E.F.  Kaasschieter,  and 
J.H.M.  ten  Thije  Boonkk&mp 

Eindhoven  University  of  Technology 
Department  of  Mathematics  and  Computing  Science 
P.O.  Box  5 IS,  5600  MB  Eindhoven,  The  Netherlands 


Presented  by  A.C.  Berkenbosch 


We  study  scalar  hyperbolic  conservation  laws  with  source  terms 
in  one  space  dimension,  i.e. 

J-u(x,  f)  +  -^-/(u(x, »))  =  }(u(x,0),  Vx  €  K.  Vt  >  0  (1) 

at  OX 

Conservation  laws  of  this  form  occur,  among  others,  in  the 
theory  of  reacting  gas  flow  [1],  In  this  case,  the  term  9(uj 
describes  the  production  or  consumption  of  the  variable  u,  per 
unit  length  and  per  unit  time.  We  assume  that  u  =  0  for  the 
unreacted  gas  and  u  =  1  for  the  completely  reacted  gas  A 
typical  form  for  4,  which  is  often  used,  is  the  ignition  modet 


«(“)  =  {  >0 


•f  «  <  “.9n, 
if  u  >  u,9n, 


(2) 


where  0  <  u , <  1.  Hence,  the  reaction  starts  as  soon  as 
u  >  u ign  (the  ignition  value). 

A  very  natural  way  to  solve  (1)  numerically  is  by  a  splitting 
method,  in  which  the  numerical  solution  is  computed  in  two 
steps.  In  the  first  step  the  homogeneous  conservation  law  ut  + 
fx  =  0  is  solved  with  a  conservative  difference  method  In  the 
second  step  we  solve  the  ordinary  differential  equation  u,  = 
?(u)  for  the  chemical  reaction.  For  stability  reasons  the  second 
step  is  performed  implicitly. 

When  (1)  is  solved  numerically,  discontinuities  are  observed 
at  wrong  locations,  i.e.  the  numerical  solution  is  propagating 
with  non-physical  speeds  [2].  For  the  splitting  method  it  can 
be  proved  that  for  fast  reactions 


S  =  s  +  —(1  -  C),  (3) 

at 

where  S  is  the  numerical  speed,  1  is  the  exact  speed,  Ut  is  the 
time  step,  Ux  is  the  mesh  size  and  C  is  a  constant  with  u,9„  < 
C  <  1.  If  Uign  —  0,  then  it  can  be  shown  that  (3)  implies 
5  =  Ux/Uf.  Hence,  the  numerical  solution  is  propagating 
with  the  non-physical  speed  of  one  grid  point  per  time  step 
[1.2]. 

If  we  compare  the  ignition  model  (2)  with  the  physical  more 
realistic  Arrhenius’  model  it  follows  that  we  should  take  ti,9„  > 
0.  In  that  case  the  numerical  speed  is  closer  to  the  exact  speed, 
since  5  1  j  as  ut07l  f  1.  However,  it  follows  from  (3)  that  the 
numerical  solution  propagates  too  fast  for  all  u,9n  <  1. 

[lj  P  Colella,  A.  Majda  and  V.  Roytburd,  “Theoretical  and 
Numerical  Structure  for  Reacting  Shock  Waves,”  SIAM 
J.  Sci.  Slot.  Comput.,  vol.  7,  pp.  1059-1080,  1986 

[2]  R.J.  LeVeque  and  H.C.  Yee,  “A  Study  of  Numerical  Meth¬ 
ods  for  Hyperbolic  Conservation  Laws  with  Stiff  Source 
Terms/'  J.  Comput.  Phys.,  vol.  86,  pp.  187-210,  1990 
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Implementation  of  a  High  Order 
2-D  ENO  Scheme  * 

Barna  L.  Bihari  and  Sukumar  R.  Chakravarthy 

Rockwell  International  Science  Center 
IO49  Camtno  Dos  Rios,  Thousand  Oaks,  CA  91360 

Presented  by  Barna  L.  Bihari 

We  present  m  high  order  essentially  nonoscillatory  (ENO) 
scheme  for  cartesian  coordinates,  which  is  implemented  using 
two  dimensional  multiresolution  analysis.  The  multiresolution 
representation  is  used  to  perform  an  analysis  of  the  regularity 
of  the  solution.  As  for  most  conservation  law  problems  the 
solution  is  overresolved  in  some  or  much  of  the  computational 
domain,  there  is  no  need  to  use  the  costly  ENO  reconstruction 
everywhere.  The  multiresolution  analysis  serves  as  a  set  of  sen¬ 
sors  which  allows  us  to  selectively  use  the  ENO  interpolation 
only  where  it  is  needed 

It  is  well  known  that  nonlinear  hyperbolic  conservation  laws 
admit  discontinuous  solutions,  which  then  makes  it  necessary 
to  use  a  nonoscillatory  interpolation.  Our  implementation 
combines  ideas  introduced  in  [1]  for  an  ENO  reconstruction 
with  the  method  of  multiresolution  analysis  for  improving  effi¬ 
ciency  (first  presented  for  1-D  in  [2]).  The  prototype  conserva¬ 
tion  laws  will  be  solved  using  continuous  and  discontinuous  ini¬ 
tial  data  and  arbitrarily  high  order  ENO  reconstructions.  For 
smooth  regions,  the  semi  discrete  formulation  makes  it  natural 
to  interpolate  the  right  hand  side  in  a  multiresolution  tense. 
For  cells  near  a  discontinuity  the  fluxes  are  directly  computed, 
and  so  is  the  right  hand  side.  We  hope  to  show  that  the  ef¬ 
ficiency  of  the  solution  procedure  can  thus  be  improved  by  as 
much  as  10  to  20  times,  while  preserving  the  quality  of  the 
solution  itself. 

The  speaker  will  present  analysis  and  computational  results 
for  multiresolution  ENO  schemes  of  various  orders  of  spatial 
accuracy. 

[1]  A.  Harten  and  S.R.  Chakravarthy,  “Multidimensional  ENO 

Schemes  for  General  Geometries, "  UCLA  CAM  Report 
91-16,  August,  1991. 

[2]  A.  Harten,  “Multiresolution  Algorithms  for  the  Numeri¬ 

cal  Solutions  of  Hyperbolic  Conservation  Laws,"  UCLA 
CAM  Report  93-03,  March,  1993;  to  appear  in  Com- 
mun.  Pure  Appl.  Math. 

“Research  supported  by  Rockwell  International  IR&D 
funds. 


A  Study  of  Stability  of  Strong  Discontinuities 
and  Hyperbolic  Problems 

A.  M.  Blokhin 

Novosibirsk,  630090,  Russia 

The  motion  of  continuum  is  known  to  occur  commonly  with 
surfaces  of  strong  discontinuity  present  (naturally,  under  a  cer¬ 
tain  idealization  of  physical  processes)  which  separate  the  do¬ 
mains  of  parameter  continuity  and  characterize  such  motion 
This  report,  based  on  a  large  number  of  works  performed  by 
author  and  his  colleagues,  presents  some  conceptual  lessoning 
which  concerns  the  mathematical  theory  of  strong  discontinu¬ 
ities  in  continuum  mechanics-  More  precisely,  we  touch  upon 
one  of  the  most  important  aspects  of  the  theory  — the  topic  of 
studying  the  well-posednes*  of  mixed  problems  on  stability  of 
strong  discontinuities  in  continuum  mechanics 
It  should  be  also  pointed  out  that  the  problem  of  stability  of 
strong  discontinuities  in  continuum  mechanics  has  assumed  a 
special  significance  lately  in  view  of  the  wide  application  of 
methods  of  mathematical  modelling,  and,  in  particular,  com¬ 
putational  methods  for  finding  approximate  solutions  to  the 
problems  of  continuum  mechanics  with  strong  discontinuities 
Clearly,  the  computational  algorithms  for  finding  motions  of 
continuum  with  strong  discontinuities  can  be  applied  only  if 
the  topic  on  stability  of  discontinuities  in  a  given  model  is  elu¬ 
cidated  to  the  end. 
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Applications  of  Characteristic  Theory  to 
3-D  Computational  Fluid  Dynamics  Problems 

Valeri  Borisov 

Computing  Centre  of  the  Russian  Academy  of  Sciences, 
Vavilova  street  40,  GSPl,  Moscow,  Russia 

Let  Q(r)  be  the  given  power  of  the  energy  sources  distributed 
in  the  space  with  a  radius  vector  r  In  the  case  of  steady  flow 
of  inviscid  non-heatconducting  gas,  the  system  of  gaadynamic 
equations  is  equivalent  to  the  flve  scalar  partial  differential 
equations  for  flve  unknown  scalar  functions,  viz.,  three  compo¬ 
nents  of  the  velocity  vector  V(r) ,  entropy  *(r)  and  the  total 
energy  JJ(r)  .  Naturally,  the  number  flve  also  defines  the  or¬ 
der  of  the  system.  Suppose  that  we  are  given  a  smooth  surface 
with  a  unit  normal  vector  n(r)  Let  e  be  a  constant  free 
unit  vector  Suppose  that  e  n  jf  0  at  a  certain  part  of  the 
smooth  surface.  For  a  unique  solvability  of  the  Cauchy  prob¬ 
lem  with  the  data  specified  at  the  surface  with  a  normal  n  ,  we 
must  determine  from  initial  system  five  outgoing  derivatives, 
defined  by  the  expressions  (e  V)V  ,  e  Vs  ,  e  VH  The 
characteristic  properties  of  the  initial  system  are  well  known. 
On  the  characteristic  flow  surfaces,  the  normal  characteristic 
vector  satisfies  the  equation  V  n  =  0  and  is  a  triple  root 
of  the  characteristic  equation.  Hence,  three  compatibility  rela¬ 
tions  containing  the  internal  derivatives  of  the  basic  unknown 
functions  are  obtained  for  these  surfaces.  The  remaining  two 
equations  of  the  initial  system  are  also  compatibility  relations, 
but  are  used  for  determination  the  outgoing  derivatives  of  the 
basic  unknown  functions  on  the  flow  surface.  This  fact  is  gen¬ 
erally  ignored  during  an  analysis  of  characteristic  properties  of 
the  initial  system.  However,  the  remaining  compatibility  rela¬ 
tions  can  be  used  to  find  out  the  outgoing  derivatives  from  the 
flow  surface  which  are  determined  by  the  data  on  the  surface 
and  those,  which  must  be  specified  for  a  unique  solvability  of 
the  Cachy  problem.  On  the  characteristic  wave  surfaces,  the 
characteristic  normal  vector  satisfies  the  condition  M  ■  a  =  1 
and  is  a  singular  root  of  the  characteristic  equation.  Hence,  one 
compatibility  relation  containing  the  internal  derivatives  of  the 
basic  unknown  functions  is  obtained  for  these  surfaces.  Four 
compatibility  relations  with  outgoing  derivatives  are  defined 
on  these  surfaces.  The  value  n  (e  ■  V)V  must  be  specified. 
The  complete  system  of  compatibility  relations  is  used  for  con¬ 
structing  numerical  schemes  for  the  method  of  spatial  char¬ 
acteristics  on  the  wave  surfaces  of  opposite  families.  In  a 
general  case  along  the  line  of  intersection  the  ten  functions 
V  ,  s  ,  H,  (e  ■  V)V  ,  e  •  Vs  ,  e  V/f  .  can  be  found  by 
using  opposite  families  of  flve  compatibility  relations  each.  If 
the  surface  are  not  characteristic  and  fixed  we  have  pseudo- 
characteristic  schemes.  Using  a  characteristic  algorithm  we 
can  compute  the  supersonic  flow  with  error  a  few  tenths  of 
a  percent  and  faster  than  the  marching  methods  or  time- 
dependent  stationing  methods.  This  paper  is  a  development 
of  P.I.Chushkin's  method. 

Examples  of  computations  are  given  for  the  following  prob¬ 
lems:  the  calculations  of  3-D  supersonic  flows  with  the  energy 
sources,  the  solar  wind  flow  in  the  Earth's  magnetosphere  (the 
system  of  the  eighth  order),  shape  optimization  of  supersonic 
parts  of  3-D  nozzles. 


Viscosity  Solutions  and  Uniqueness  for 
Systems  of  Conservation  Laws 

Alberto  Bressan 

S.I.S.S.A  ,  34014  Trieste,  Italy 

The  talk  will  present  a  new  method,  based  on  wave- front  track¬ 
ing,  for  the  construction  of  approximate  solutions  to  a  2  x  2 
system  of  conservation  laws: 

ut  +  |f(u)J  =0,  u(0,r)  =  u(r)  (-) 

As  usual,  we  assume  that  the  system  is  strictly  hyperbolic,  and 
that  each  characteristic  field  is  genuinely  nonlinear  or  linearly 
degenerate.  For  every  u  6  Ll  with  small  total  variation,  the 
approximating  sequence  is  Cauchy  and  converges  to  a  unique 
limit  solution,  depending  continuously  on  the  initial  data. 

This  algorithm  determines  a  Lipschitz  continuous  semigroup 
S  :  [0,  oo)  x  V  >-*  V,  on  a  domain  V  Q  L1 ,  with  the  following 
property.  If  fl  is  piecewise  constant,  then,  for  t  >  0  small 
enough,  Sjfl  coincides  with  the  solution  of  (*)  obtained  by 
piecing  together  the  corresponding  self-similar  solutions  of  the 
corresponding  Riemann  problems. 

For  general  n  x  n  systems,  a  semigroup  with  the  above  property 
will  be  called  a  Standard  Riemann  Semigroup  (SRS)  If  it 
exists,  a  SRS  is  necessarily  unique.  Its  trajectories  can  be 
characterized  as  being  viscosity  solutions  of  the  system  (*). 
according  to  a  definition  which  will  be  here  introduced. 

One  can  prove  that  every  limit  of  approximate  solutions  con¬ 
structed  (with  probability  one)  by  the  random  scheme  of 
Glimm,  or  by  the  deterministic  version  of  Liu,  or  by  any  wave- 
front  tracking  method,  is  indeed  a  viscosity  solution.  Hence, 
if  a  SRS  exists  (as  it  is  certainly  the  case  for  2  x  2  systems), 
all  these  algorithms  produce  a  unique  solution,  depending  Lip¬ 
schitz  continuously  on  the  initial  data. 
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A  von  Neumann  Reflection  for  the 
2~D  Burgers  Equation 


Solutions  with  Shocks  in  Several  Variables 


M.  Brio 

Dept,  of  Mathematics 
Untv  of  A  mono, 

Tucson,  A2  85791 

J.  K.  Hunter 

Dept,  of  Mathematics  and 
Institute  of  Theoretical  Dynamics 
Untv.  of  California 
Davis,  CA  956 IS 

Presented  by  M.  Brio 

The  two-dimensional  Burgers  equation  gives  an  asymptotic  de¬ 
scription  of  the  transition  from  regular  to  irregular  reflection 
for  weak  shocks.  We  present  numerical  solutions  of  the  two- 
dimensional  Burgers  equation  which  contain  a  von  Neumann 
reflection.  These  solutions  provide  independent  confirmation 
of  the  von  Neumann  reflection  discovered  by  Colella  and  Hen¬ 
derson  in  numerical  solutions  of  weak  shock  reflection  using  the 
full  compressible  Euler  equations.  The  two-dimensional  Burg¬ 
ers  problem  is  nonstandard  because  it  is  a  characteristic  initial 
value  problem.  We  discuss  the  stability  and  convergence  of  the 
numerical  scheme 


Marek  Burnat 

Institute  of  Applied  Mathematics  and  Mechanics 
Warsaw  University 

09-097  Warszawa,  Banacha  2,  Poland 
We  consider  autonomous  systems  of  the  form 
l  n 

a,j,{u)dixUj  =  0,  i  =  l,r>(  (1) 

t-  1 

These  systems  are  such  that  all  Jacobi  matrices  D(u)  = 
(d*t Uj)  satisfying  the  system,  are  of  the  form 

? 

Du  =  A^(u)  0  V^(u),  ?  <  oo,  (2; 

IS  1 

where  for  X^\u)  =  (Aj, ....  An),  =  (7i ,  ,7<)  the  con- 

dition  au»(u)A>T)  30 ,»  =  *.•  .  r  is  fulfilled 

Hyperbolic  systems  represent  the  most  important  example  of 
this  kind  of  systems. 

The  property  (3)  allows  the  construction  of  the  solutions  u 
Rn  D  D  —  R1  in  two  steps.  First  we  construct  the  image 
u (D)  C  R1  of  the  required  solution,  then  we  parametrize  u(D) 
by  the  independent  variables  Our  goal  is  to  show, 

that  we  may  construct  the  image  u(D)  with  some  appropri¬ 
ate  singularities,  so  that  after  enough  simple  parametrization 
of  u(D)  by  *i , . . . , xn  we  obtain  solutions  admitting  the  pre¬ 
scribed  system  of  interacting  shocks.  For  example  for  the  sys¬ 
tem  die  +  vydx3c  +  v3dx3c  +■  fccdivv  =  0,  d,t/,  +  v\dl3vt  + 
+  c.kdx'C  =  0,i=  1,2,  we  obtain  exact  solutions  giv¬ 
ing  two  Aims  of  the  following  form  where  t)  <  *2  <  *3  <  ’« 
See  Figure  1 


Hybrid  High  Order  Methods  for 
Two  Dimensional  Detonation  Waves 
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Tel.  '04)- 547-4  932 
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In  order  to  study  multi-dimensional  unstable  detonation  waves, 
we  have  developed  a  high  order  numerical  scheme  suitable  for 
calculating  the  detailed  transverse  wave  structures  of  multidi¬ 
mensional  detonation  waves.  The  numerical  algorithm  uses  a 
multi-domain  approach  so  different  numerical  techniques  can 
be  applied  for  different  components  of  detonation  waves.  The 
detonation  waves  are  assumed  to  undergo  an  irreversible,  uni- 
molecular  reaction  A  -*  B.  Several  cases  of  unstable  two  di¬ 
mensional  detonation  waves  are  simulated  and  detailed  trans¬ 
verse  wave  interactions  are  documented.  The  numerical  results 
show  the  importance  of  resolving  the  detonation  front  without 
excessive  numerical  viscosity  in  order  to  obtain  the  correct  cel¬ 
lular  patterns. 


“Research  supported  has  been  funded  by  NSF  ASC  ASC 
9113895. 


Free-Boundary  Value  Problem  for 
Weak  Shock  Reflection 

Suncica  Canic 

Department  of  Mathematics 
Iowa  State  University 
Ames,  Iowa  50011-2066 

This  talk  focuses  on  two-dimensional  wave  structures  which 
arise  in  modeling  weak  Mach  reflection  by  2-D  Burgers  equa¬ 
tion.  In  spite  of  the  extensive  experimental  and  numerical 
studies  in  this  field,  not  very  much  is  known  on  a  theoret¬ 
ical  level.  Open  questions  concern  the  internal  structure  of 
two-dimensional  elementary  waves,  bifurcation  criteria  for  two 
dimensional  waves,  and  the  existence  theory  We  shall  present 
an  existence  result  for  a  free-boundary  value  problem  leading 
to  a  solution  which  resembles  weak  Mach  reflection  with  an  em¬ 
bedded  rarefaction  wave.  The  methods  are  based  on  monotone 
operator  techniques  and  Schauder’s  fixed  point  theorem 
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Shock  Capturing  and 
Global  Existence  of  Entropy  Solutions 


On  the  Use  of 

Multidimensional  Characteristic  Theory 
for  Solving  the 
2D  Steady  Euler  Equations 
in  Conservation  Form  “ 

H.  Deconinck,  H.  Paillere,  and  J.-C.  Carette  b 

CFD- group 

von  Karman  Institute  for  Flutd  Dynamics 
Chaussie  de  Waterloo  72 
B'16^0  Rhode-St-Geneie,  Belgium 

Presented  by  J.-C.  Carette 

In  two  space  dimensions,  the  unsteady  equations  form  a  hy¬ 
perbolic  system  of  conservation  laws  which  admits  an  infinite 
number  of  characteristic  surfaces  5(r, y,  t)  =  0.  such  that  par¬ 
ticular  linear  combinations  of  the  governing  equations  called 
compatibility  equations  involved  only  derivatives  along  those 
surfaces.  The  space  operator  in  these  compatibility  equations 
involves  a  space-like  derivative  in  the  space  plane,  and  a  time- 
like  derivative  along  a  time-space  path. 

This  contribution  will  describe  a  class  of  methods  which  al¬ 
lows  a  conservative  shock-capturing  discretization  of  the  Euler 
equations  and  which  ,  at  the  same  time,  consists  of  a  monotone 
upwind  discretization  of  the  time-like  derivatives  for  a  set  of 
well  selected  compatibility  equations. 

For  supersonic  flow,  the  choice  is  made  such  that  the  space-like 
direction  coincides  with  the  time-like  direction,  projected  on  to 
the  space  plane,  thus  effectively  leading  to  an  upwinding  along 
the  characteristics  of  steady  supersonic  flow.  For  subsonic  flow, 
an  algebraic  continuation  is  made,  involving  upwinding  along 
4  acoustic  directions  which  cover  the  omnidirectional  domain 
of  dependence  and  become  mutually  perpendicular  at  Mach 
number  M  —  0. 

The  monotone  advection  schemes  used  are  based  on  shock¬ 
capturing  SUPG  Finite  Elements  or,  alternatively,  on  positive 
high  resolution  multidimensional  advection  schemes,  both  for 
linear  triangles.  As  an  illustration,  the  flowfleld  in  the  inlet  of 
a  scram  jet  is  shown  in  Figure  2,  with  sharp  and  monotonic 
capturing  of  discontinuities. 

“Part  of  this  research  is  supported  by  the  Commission 
of  the  European  Communities  through  research  contract 
AERO-CT92-0040/PE-2037,  within  the  Brite/Euram  pro¬ 
gramme,  monitored  by  Dr.  Borthwick. 

6Ph.D  candidate  supported  by  a  Belgian  government 
IRSIA  fellowship 
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In  this  talk  we  discuss  recent  efforts  in  developing  shock  cap¬ 
turing  methods  and  corresponding  compactness  frameworks  to 
solve  analytically  global  entropy  solutions  to  systems  of  con¬ 
servation  laws,  especially  the  compressible  Euler  equations  in 
several  space  variables.  Such  shock  captunng  schemes  are  ana¬ 
lyzed  to  construct  efficient  approximate  solutions  Correspond¬ 
ing  existence  theorems  for  global  entropy  solutions  with  large 
initial  data  are  established  by  developing  compensated  com¬ 
pactness  ideas.  Then  we  show  how  this  approach  is  success¬ 
fully  applied  to  solving  the  compressible  flow  (Euler  and  Euler- 
Poisson)  with  geometrical  structure  including  transonic  nozzle 
flow,  spherically  symmetric  flow,  and  symmetric  rotating  flow 


Conservation  Laws  for  the 
Relativistic  Fluid  Dynamics 


A  Model  Numerical  Scheme  for 
Phase  Transitions  in  Solids 


Jing  Chen 
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The  equations  of  the  relativistic  fluid  dynamics  are 

&  fn(l  -  v2)-1'3)  +  &  (nv(l  -  v3)-»/2  j  =  0 

+  +  ^^P  +  fOl^+P^  =0  (1) 

&  +  p)  +  &  (<p  +  p)rf?r)  =  0 

Here  n  is  the  rest  mass  density,  p  is  the  proper  energy  density, 
p  is  the  pressure  and  v  is  the  particle  speed. 

In  this  talk,  we  will  develop  the  mathematical  theory  of  the 
relativistic  fluid  dynamics.  Although  the  relativistic  system 
is  much  more  complicated  and  the  results  are  much  harder  to 
obtain,  we  proved  that  all  the  parallel  results  in  the  classical 
theory  hold  for  the  relativistic  hydrodynamics. We  also  showed 
that  the  Newtonian  limits  of  our  results  are  indeed  what  we 
have  obtained  for  classical  systems. 

We  obtain  a  simple  formula  of  the  speed  of  sound  in  the  rela¬ 
tivistic  background 

s/P?  (2) 

This  is  much  simpler  than  Taub's  original  formula  which  is 
given  by 


where  i  s=  (e+p)/n  is  the  rest  specific  enthalpy.  We  proved  that 
the  Lax  shock  inequalities  are  satisfied  globally  and  entropy  is 
monotone  along  the  shock  curves.  Because  of  the  complexity 
of  the  relativistic  system,  we  developed  some  new  techniques 
and  criterion.  By  using  the  Riemann  invariants,  we  introduced 
a  simple  criterion  to  exclude  the  formation  of  vacuum.  This 
criterion  can  be  used  in  general  hyperbolic  systems  to  detect 
the  loss  of  strict  hyperboiicity.  Since  Courant  and  Friedrichs, 
people  begin  to  use  (p  —  » )  plane  to  solve  the  Riemann  problem . 
But  a  seemingly  paradoxical  situation,  whereby  it  appears  that 
a  Riemann  problem  admits  two  distinct  admissible  solutions, 
restricts  its  applications.  In  this  paper,  we  showed  that  the 
p  -  v  plane  can  be  used  to  uniquely  determine  all  the  states 
in  solving  the  Riemann  problem,  as  long  as  we  keep  in  mind 
of  the  correct  entropy  level.  Then  we  prove  the  existence  and 
uniqueness  of  the  solution  of  the  Riemann  problem. 
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Presented  by  Bernardo  Cockburn 

We  devise  a  simple  finite  difference  scheme  that  produces  ap¬ 
proximations  to  the  viscosity-capillarity  solutions  of  the  equa¬ 
tions  that  govern  the  propagation  of  phase  transitions  in  solids 
(or  to  the  equations  of  van  der  Waals  fluids)  for  all  positive 
values  of  the  adimensional  parameter  that  characterizes  the 
viscosity-capillarity  solution.  Numerical  experiments  showing 
the  convergence  of  the  method  and  that  no  spurious  oscillations 
or  spikes  are  present  in  the  approximate  strains  are  presented 
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A  Finite  Difference  Scheme, 
Fourth-Order  in  Time  and  Space,  for  the 
Linearized  Elaatodynamics  Equations 


High- Resolution  Numerical  Methods 
for  Low- Mach  Number  Flows 


Gary  Cohen  and  Michel  Baxbiera 
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Presented  by  Gary  Cohen 

The  purpose  of  our  study  is  to  construct  a  minimal  fourth 
order  finite  difference  scheme  to  solve  the  2D  linearised  ela*- 
todynamics  system  written  in  terms  of  displacement  variables 
in  a  non- homogeneous  medium.  This  system  consists  in  two 
coupled  second  order  hyperbolic  equations  in  which  the  differ¬ 
ential  operators  in  space  can  be  expressed  by  using  gradient 
and  divergence  operators.  The  approximation  of  the  deriva¬ 
tives  is  constructed  for  the  second  order  differential  operators 
and  provides  stencils  confined  in  five  points  in  both  directions. 
The  approximation  in  time  cannot  be  obtained  by  fourth  order 
finite  difference  for  such  schemes  are  unconditionally  unstable. 
For  this  reason,  we  use  a  modified  equation  approach  which 
consists  in  adding  a  fourth  order  differential  operator  in  space 
constructed  from  the  square  of  the  global  matrix  of  differential 
operators  in  space  to  the  equation  semi-discretized  in  time  by  a 
second  order  centered  finite  difference  scheme.  This  correcting 
term  is  then  approximated  as  the  square  of  a  second  order 
centered  approximation  of  the  global  operator.  The  presence 
of  the  square  of  the  time-step  multiplying  the  correcting  term 
ensures  a  global  fourth  order  accuracy  in  time  and  space. 

The  stability  of  the  resulting  scheme  is  then  studied  and  we 
show  that  the  scheme  is  stable  in  the  homogeneous  case  and 
conditionally  stable  in  the  non-homogeneous  case. 

Absorbing  and  non-absorbing  boundary  conditions  are  intro¬ 
duced  by  coupling  with  a  second  order  scheme.  Modelizing 
a  free  surface  boundary  condition  by  non-homogeneous  zones 
provides  a  gain  of  accuracy. 

Finally,  a  numerical  study  of  the  method  is  done. 


Phillip  Colella 

Mechanical  Engineering  Department 
University  of  California 
Berkeley,  California  94720 

In  this  talk,  we  will  discuss  various  aspects  of  extending 
a  collection  of  algorithmic  techniques  developed  for  time- 
dependent  hyperbolic  problems  to  the  case  of  low-Mach  num¬ 
ber,  advectively-dominated  fluid  flows  These  methods  include 
higher-order  Godunov  methods  with  limiters,  local  mesh  refine¬ 
ment,  and  voiume-of-fluid  representations  of  fronts  and  solid 
surfaces.  Primary  design  issues  include  finding  the  appropriate 
splitting  of  the  equations  into  hyperbolic  and  elliptic/parabolic 
terms,  and  the  careful  exploitation  of  the  appropriate  forms  of 
locality  (respectively,  finite  propagation  speed  and  local  ellip¬ 
tic  regularity)  for  each.  We  will  present  examples  from  in¬ 
compressible  and  nearly  incompressible  flow,  combustion,  and 
flows  in  complicated  geometries. 
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Magnetohydrodynamic  Calculations  Using  a 
Second  Order  Godunov  Scheme  with 
Adaptive  Mesh  Refinement 

Leo  P.  O’H&ie  and  James  P.  Collins  “ 

Naval  Surface  Warfare  Center 
10901  New  Hampshire  Ave. 

Silver  Spring,  MD  20903-5000 


Presented  by  Leo  P.  O’Hare 

We  present  a  second-order  Godunov,  adaptive  mesh  refinement 
method  for  the  solution  of  the  one-  and  two-dimensional  equa¬ 
tions  of  ideal  magnetohydrodynamics  (MHD).  In  our  Godunov 
scheme  we  have  tried  two  approaches  to  approximating  the 
fluxes  on  the  zone  boundaries:  the  first  is  a  simplified  flux  ap¬ 
proximation  based  on  the  work  of  S.  F.  Davis  (SIAM  J.  Sci. 
Statis.  Comput.,  1988);  the  second  is  a  modified  EO  flux  ap¬ 
proximation  as  in  Zachary,  Maiagoli,  and  Coleila  (SIAM  J. 
Sci.  Comput.,  1994).  These  schemes  have  been  incorporated 
into  an  adaptive  mesh  code  (developed  at  Lawrence  Livermore 
National  Laboratory  by  John  Bell,  et  al.)  which  implements 
the  technique  of  Berger  and  Coleila  (JCP,  1989).  Brio  and  Wu 
(JCP,  1988)  showed  that  the  ideal  MHD  equations  are  not  gen¬ 
uinely  nonlinear  and  so  admit  compound  wave  solutions.  Using 
a  coplan ar  MHD  Biemann  problem,  we  demonstrate  that  the 
Godunov  scheme  using  the  simple  flux  approximation  will  cap¬ 
ture  these  compound  waves.  We  compare  our  one-dimensional 
results  with  those  presented  by  Brio  and  Wu,  and  Zachary, 
et  at.  A  two-dimensional  explosion  simulation  using  both  the 
Davis  flux  and  the  modified  EO  flux  is  compared  to  the  results 
of  Zachary,  et  al.  Multidimensional  results  will  demonstrate 
the  power  and  efficiency  of  using  adaptive  mesh  refinement 


aWork  supported  by  the  NSWC  Independent  Research 
Office. 
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We  present  the  adaptation  of  several  numerical  schemes  of 
type  FDTD  (FFinite  Difference  in  Time-Domain)  for  CFD 
(Computational  Fluid  Dynamics)  for  the  resolution  of  some 
problems  in  quasilinear  monodimensional  propagation  issuing 
of  Maxwell's  system.  The  nonlinear  constitutive  equations 
used,  permit  us  both  to  find  an  exact  Riemann  solver  and  to 
study  actual  cases  of  nonlinear  materials  well  known  ''  -,1- 

cists.  Many  configurations  of  media  are  considered 
There  is  a  growing  interest  in  nonlinear  effects  in  «. 
netic  phenomena.  Theoretical  studies  have  been 
years,  [8]  and  [1]).  More  recently  FDTD  methods  he  en 
used  to  solve  the  full  Maxwell’s  equations  and  to  compute  non¬ 
linear  effects,  [3]  and  (13).  Furthermore  nonlinear  effects  have 
been  studied  theoretically  and  numerically  in  fluid  dynamics. 
[2]  and  [5],  and  perform  ant  CFD  methods  have  been  developed 
[4]  and  [6].  The  aim  of  this  presentation  is  to  show  how  to 
adapt  some  of  these  CFD  methods  to  nonlinear  electromag¬ 
netism. 

We  consider  the  Plane  waves  case  of  the  Maxwell’s  system  in 
free  space.  It  can  be  written: 


0  (St ) 

(1) 

0  (S2) 


The  quasilinear  constitutive  equations  studied,  permit  us  to  re¬ 
gard  both  systems  (5,)  and  (Sj)  independently.  For  example, 
we  focus  our  attention  on  the  first  (5j ),  which  has  the  form  or 
a  system  of  conservation  laws  : 


/  d,U+dxF(U)  =  0  in  nxjo.rf 
\  U(*,0)  =  Uo(*)  given. 


(2) 


where  F(U)  =  (H,  E)T  involves  an  electromagnetic  energy 
density  W(D,  B)  such  as  E  =  and  H  = 

The  convexity  of  W  corresponds  to  the  hyperbolicity  of  ( T ), 
and  provides  us  an  entropy  critenon  for  unicity  [9]: 

(  8 W  dW\ 

a,  w  +  dw  (  ~  a  ~  )  <  °  (3) 


We  have  introduced  special  constitutive  relations  permitting  us 
to  find  both  Riemann  invariants  when  the  fields  are  genuinely 
nonlinear,  according  to  the  work  of  [10],  and  then  to  solve  the 
Riemann  problem  for  (T). 

An  exact  Riemann  solver  has  been  found  -  the  solution  is  con¬ 
stituted  of  constant  states  separated  by  either  shock  waves  (or 
contact  discontinuities)  or  rarefaction  waves.  Then  we  have 
implemented  some  numerical  second  order  TVD  schemes  based 
on  approximate  Riemann  solvers  fll). 

For  the  problem  in  a  single  medium,  the  Roe  average  [7]  is 
unique  and  has  been  found  simply. 

In  the  case  of  two  media,  the  continuity  of  fluxes  involves  the 
Maxwell’s  transmission  conditions  at  the  interface  We  can 
found  also  an  exact  Riemann  solver,  but  now  the  Roe  solver 
isn’t  unique. 

Those  schemes  are  Anally  applied  to  the  computation  of 
the  propagation  of  an  electromagnetic  wave  through  a  Kerr 
medium.  A  comparison  is  made  with  results  given  by  the  fre¬ 
quent  tal  approach  and  with  FDTD  computations. 
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A  fluid  ID  mode!  of  plasma  consisting  of  electron*  and  io.  s  is 
considered  The  electron*  are  described  by  their  density  ne, 
their  velocity  u«  and  their  temperature  Tei  the  ion*  by  n,,  u, 
and  T,  respectively.  These  state  variable*  satisfy  the  scaled 
equations  of  conservation  of  mas*,  momentum  and  energy 

8tna  +  fl*(naua)  =  0, 

9t(namaua)  +  #i(»nm<isj  +  naTa)  —  naqaE, 

d|lfo  4-  &x{{Wa  4-  bo7o)vq)  — ■  Bofo*o6, 

with  a  =  e  for  the  electrons  and  i  for  the  ions,  q,  s  -y«  s  1 
their  charge,  m,  =  1  and  m«  s  i  <  1  their  mass  and 

Wa  =  no  u*  +  4  "o  T»  their  ener8y  The*« 

equations  are  coupled  by  the  scaled  Poisson  equation 
\*9iE  -  n,  -  n*. 

where  the  small  parameter  A  is  the  scaled  Debye  length  When 
A  — »  0,  the  Euler-Poisson  system  leads  formally  to  a  non¬ 
linear  hyperbolic  system  in  a  nonconservative  form  called  the 
quasineutral  Euler  system  for  which  the  jump  relations  are  not 
determined.  The  admissible  shock  solutions  of  the  quasineu¬ 
tral  Euler  system  are  defined  as  the  weak  limits  of  travelling 
wave  solutions  of  the  Euler-Poisson  system  when  A  —  0.  The 
travelling  wave  analysis  is  based  on  a  phase  plane  analysis  of 
an  equivalent  dynamical  system  and  leads  to  three  generic  type 
of  travelling  wave  solutions: 

•  Solitary  wave  solutions 
-  Shock  wave  solutions 

•  Periodic  shock  solutions 

depending  on  the  Mach  number  value.  These  different  shock 
profiles  can  be  related  to  the  collisionless  shock  structures  de¬ 
scribed  by  the  plasma  physicists.  Only  one  of  the  three  types  of 
solutions  tends  to  non  trivial  weak  solutions  of  the  quasineu¬ 
tral  system  when  A  —  0.  Then,  the  Riemann  problem  for 
the  quasineutral  Euler  system  can  be  solved  with  the  obtained 
jump  relations 
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A  High-order  Godunov  Scheme  for 
Ideal  Magnetohydrodyn&mical  Equations 
Based  on  an  Nonlinear  Riemann  Solver 
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A  high-order  Godunov  scheme  ie  developed  for  multidimen¬ 
sional  ideal  magnetohydrodynamical  (MHD)  equations  on  the 
base  of  an  nonlinear  Riemann  solver  and  the  operator  split¬ 
ting  method.  Its  correctness  and  robustness  are  demonstrated 
through  numerical  examples  involving  strong  shocks. 

A  Riemann  problem  in  ideal  MHD  equations  may  involve  seven 
waves,  each  of  which  may  be  discontinuous.  The  Riemann 
solver  used  in  the  scheme  is  constructed  from  conservation  laws 
across  any  discontinuity  and  assumes  all  discontinuities  present 
in  a  Riemann  problem.  Fbr  a  given  set  of  left  and  right  states, 
the  solver  first  guesses  four  values  for  the  magnetic  field  and 
its  orientation.  Then  the  solver  does  the  calculations  for  two 
possible  fast  shocks,  for  two  possible  rotational  discontinuities, 
and  for  two  possible  stow  shocks,  and  obtains  two  post-shock 
states  for  the  slow  shocks.  Finally  the  solver  uses  the  condi¬ 
tion  for  a  contact  discontinuity  to  improve  the  initial  guess, 
and  then  go  back  to  the  first  step.  The  solver,  if  iterated  to 
convergence,  requires  a  few  iterations,  but  for  the  approximate 
calculation  for  time-averaged  fluxes  needed  in  the  scheme,  one 
or  two  iterations  is  found  to  be  sufficient. 

Our  multidimensional  scheme  is  based  on  the  operator  split¬ 
ting  method.  Each  pass  (e.g.,  x-pass)  of  the  scheme  updates 
all  the  variables  except  Bx  which  is  updated  in  a  y-pass.  The 
scheme  introduces  neither  any  source  term  due  to  the  dimen¬ 
sional  projection  nor  any  additional  step  to  formally  insure  the 
divergence-free  condition.  The  conservation  of  magnetic  fluxes 
across  shocks  in  our  multidimensional  scheme  is  demonstrated 
through  numerical  examples.  The  nonstrict  hyperboiicity  of 
the  equations  is  also  addressed  and  our  approach  to  treat  the 
resulting  singularity  is  presented. 

“This  work  was  supported  by  the  U.S.  National  Sci¬ 
ence  Foundation  Postdoctoral  Fellowship  under  grant  NSF- 
ASC- 9309829,  by  the  Minnesota  Supercomputer  Insti¬ 
tute,  and  by  the  Army  Research  Office  contract  number 
DAAL03-89-C-0038  with  Army  High  Performance  Com¬ 
puting  Research  Center  at  the  University  of  Minnesota. 
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We  discuss  theoretical  aspects  of  oil  and  gas  displacement  in 
a  porous  medium  under  a  combustion  process  One  typical 
application  of  this  theory  is  “in-situ-combustion” ,  a  method 
used  for  heavy  oil  recovery.  One  question  is:  To  which  extent  is 
the  flow  determined  by  the  initial  states,  provided  there  is  one 
sharp  reaction  front  moving  into  the  combustible  fluid  through 
the  porous  medium? 

We  present  a  simplified  non  linear  system  of  partial  differen¬ 
tial  equations  which  model  the  phenomena  behavior.  Com¬ 
pressibility  and  volumetric  changes  associated  with  combustion 
process  are  neglected.  However,  heat  conduction,  chemical  re¬ 
action  rates  and  capillar  pressures  present  in  multiphase  fluid 
displacement  in  porous  media  are  taken  into  account  We  dis¬ 
cuss  the  traveling  waves  solutions  joining  burned  to  non  burned 
states  for  this  simplified  system.  Studying  the  orbits  of  the  as¬ 
sociated  dynamic  system,  we  determine  all  initial  states  for 
which  a  reaction  front  is  possible.  We  draw  a  parallel  with  the 
classical  theory  of  Chapman-Jouguet  for  combustion  in  gases 
and  identify  in  our  model  the  different  regimes  corresponding 
to  deflagrations  and  detonations  in  that  theory 
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A  Short  Course  on  Parallel  Computing 
Yuefan  Deng 

Department  of  Applied  Math  and  Statistics 
SUNY  at  Stony  Brook 
Stony  Brook,  NY  1 1 794-3600 

This  course  is  designed  for  both  academic  and  industrial  sci¬ 
entists  interested  in  parallel  computing  and  its  applications  to 
large-scale  scientific  and  engineering  problems.  We  will  ex¬ 
plain  the  application  of  a  class  of  distributed-memory  MIMD 
supercomputers  (Paragon,  CM-5,  and  T3D)  to  such  real-world 
problems  as  molecular  dynamics-aided  design  and  manufactur¬ 
ing,  electromagnetic  scattering,  and  protein  folding. 

We  will  cover  the  parallel  computing  basics  including  hard¬ 
ware,  software,  and  algorithm  design,  in  addition  to  program¬ 
ming  these  machines  for  some  simple  problems  such  as  do¬ 
main  decomposition  for  PDEs,  linear  algebra  (solving  Ax  =  B 
and  computing  eigenpairs),  global  optimization  (Monte  Carlo 
methods),  as  well  as  molecular  dynamics.  These  problems  are 
representative  of  a  large  portion  of  current  applied  science  is¬ 
sues.  This  short  course  emphasizes  practice  and  understanding 
of  basic  concepts  of  parallel  computing. 


Systems  of  Conservation  Laws 
with  a  Singular  Characteristic  Field 

Aparecido  Jesuino  de  Souza 

Departamento  de  Matemdtsca  e  Estatistica 
Umverstdade  Federal  da  Paraiba  -  Campus  II 
58109-970,  Cam pino  Grande,  PB,  Brant 
desouiabrufpbS.bitnet 

We  analyze  the  behavior  of  a  linearly  characteristic  field  of 
a  generic  non-strictly  hyperbolic  system  of  three  conservation 
taws.  The  system  describes  three  phase  flow  in  porous  me¬ 
dia  and  can  model  polymer  injection  or  thermal  processes  to 
improve  oil  recovery.  Under  the  hypothesis  of  the  Implicit- 
Function  Theorem  we  obtain  the  existence  of  a  curve  consist¬ 
ing  of  points  where  the  line  field  is  singular  For  the  case 
corresponding  to  the  polymer  injection,  we  obtain  the  curve  of 
singular  points  explicitly  and  we  show  that  the  line  field  has 
a  saddle  behavior.  The  curve  of  singular  points  coincides  with 
the  secondary  bifurcation  locus  of  Hugoniot  branches  associ¬ 
ated  to  contact  discontinuities  with  crossing  structure. 
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The  Efficiency  of  Numerical  Methods 
for  Solving 

Multivariate  Scalar  Conservation  Laws 
Ronald  A.  DeVore 

University  of  South  Carolina 

Thu  talk  will  discuss  the  potential  efficiency  of  numerical 
method*  for  solving  multivariate  scalar  conservation  laws  such 
as  Finite  Element  Methods,  moving  grids,  and  wavelets  The 
potential  efficiency  of  such  methods  is  connected  with  the  reg¬ 
ularity  of  the  solution  to  the  conservation  law.  Thus  part  of 
this  talk  will  discuss  what  we  know  about  the  regularity  of  solu¬ 
tions.  We  will  point  out  the  need  for  new  methods  to  measure 
regularity. 


On  the  Stability  of  Viscous  Profiles 
for  Scalar  Conservation  Laws  with 
Discontinuous  Flux  Function 

Stefan  Diehl  and  Nils-Olof  Wallin 

Department  of  Mathematics 

Lund  Institute  of  Technology 

P.O.  Box  IIS,  S-££l  00  Lund,  Sweden 

Presented  by  Stefan  Diehl 

Consider  the  scalar  conservation  law  with  discontinuous  flux 
function 

+  ^  _  =  o.  (i) 

where  H  is  Heaviside's  step  function  This  type  of  equation 
arises  in  continuous  sedimentation  of  solid  particles  in  a  liq¬ 
uid,  in  two-phase  flow  and  in  traffic-flow  analysis  There  are 
no  convexity  conditions  on  /  or  g  Solutions  of  this  equation 
possess  a  non-unique  discontinuity  at  *  =  0  The  equation  can 
be  written  as  a  2  x  2  triangular  non-strictly  hyperbolic  system 
and,  depending  on  f  and  g,  the  discontinuity  at  *  =  0  is  either 
a  regular  Lax,  under-  or  over-compressive,  marginally  under-  or 
over-compressive  or  a  degenerate  shock  wave  By  a  viscous  pro¬ 
file  we  mean  a  stationary  solution  of  U|  +  (F<(u,r))J  =  euxx, 
where  F*  is  a  smooth  approximation  of  the  discontinuous  flux, 
i.e.,  H  is  smoothed.  We  present  some  results  on  the  stability 
of  these  profiles,  i.e.,  the  decay  to  zero  of  small  disturbances 
as  f  —  oo.  This  is  done  by  weighted  energy  methods,  where 
the  different  weights  (depending  on  f ,  g  and  the  profile)  play 
a  crucial  role.  In  terms  of  the  2x2  system,  there  is  only  a 
disturbance  in  the  first  equation.  If  the  total  initial  mass  of 
the  disturbance  is  zero,  we  show  stability  for  any  type  of  wave 
For  non-zero  initial  mass  we  can  handle  some  cases,  which  will 
be  presented  in  the  talk. 
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Theory  of  Conservation  Laws  in  China 
Xia-Xi  Ding 

Institute  of  Mathematics,  Shantou  University 
Shantou,  Guangdong  515063 
and 

Institute  of  Applied  Mathematics,  Academia  Stnica 
Beijing  100080 
P.  R.  China 

In  this  lecture,  a.  report  of  the  history  end  main  contributions 
on  conservation  laws  in  China  will  be  given  systematically. 


On  Second  Order  “Completely  Exceptional” 
Hyperbolic  Conservation  Equations 
which  are  Linearizable 

Andrea  Donato  and  Francesco  Oliveri 

Department  of  Mathematics 
University  oj  Messina 
Contrada  Papardo,  Sahta  Sperone  31 
98166  Sant’Agata,  Messina,  Italy 

Presented  by  Andrea  Donato 

Nonlinear  wave  propagation  problems  are  described  by  qua&i- 
linear  or  nonlinear  hyperbolic  equations  whose  solution  usually 
breaks  down  in  a  finite  time.  If  one  considers,  for  instance,  a 
single  equation  of  order  n,  the  jump  in  the  higher  order  deriva¬ 
tives  of  the  field  u  propagate  along  the  characteristics  with 
speeds  depending  on  the  field  u  and  its  derivatives  until  the 
order  n  -  1  and  determined  as  roots  of  the  characteristic  poly¬ 
nomial  Of  course,  also  the  characteristic  velocities  have,  in 
general,  discontinuities  in  the  first  order  derivatives  across  the 
characteristics.  If  one  looks  to  the  law  of  propagation  of  dis¬ 
continuities,  then  one  realises  that  such  discontinuities  in  the 
speeds  of  propagation  are  responsible  for  the  occurrence  of  the 
breakdown  in  the  (n  -  1  border  derivatives  of  the  solution  In 
some  sense  this  occurrence  is  typical  of  the  nonlinearity 
However,  it  may  happen  that  a  speed  of  propagation  depends 
on  the  field  u  and  its  derivatives  in  such  a  way  that  its  first 
order  derivatives  are  not  discontinuous  In  this  case  the  cor¬ 
responding  wave  is  said  to  be  “exceptional”  If  all  the  speeds 
of  propagation  have  this  property  the  equation  is  called  “com¬ 
pletely  exceptional"  and  behaves  like  a  linear  equation  in  the 
sense  that  the  breakdown  in  the  (n  -  l)-order  derivatives  of 
the  solution  will  not  occur.  A  typical  example  of  a  nonlinear 
equation  having  this  property  is  the  Monge-Amptre  equation 
supposed  to  be  hyperbolic. 

On  the  other  hand,  in  a  recent  paper  it  has  been  shown  that, 
under  suitable  conditions,  there  exists  at  least  in  one,  two  and 
three  spatial  dimensions,  a  special  type  of  Biicklund  transfor¬ 
mation  of  reciprocal  type  which  maps  the  Monge-Ampire  equa¬ 
tion  to  a  linear  canonical  form.  Then,  in  some  sense,  there  is 
a  link  between  the  conditions  of  complete  exceptionality  and 
the  linearisation  of  nonlinear  equations,  at  least  under  special 
circumstances.  This  type  of  approach  is  valid  also  in  more 
than  one  space  dimension  and  allows  to  characterize  classes  of 
equations  which  can  be  linearized 

In  this  paper  we  give  a  procedure  leading  to  the  linearization 
of  second  order  conservative  hyperbolic  equations  by  requiring 
the  conditions  of  “complete  exceptionality" ,  the  procedure  in¬ 
volves  not  only  second  order  equations  in  conservative  form  but 
also  nonhomogeneous  first  order  systems.  More  precisely,  we 
shall  consider  the  (l+l)-dimensional  second  order  conservative 
equation 

+S*/’(u,ut,uI)  =  0,  (l) 

and  the  (2+l)-dimenaional  second  order  conservative  equation 

9fUt  +  dxF(u,  ut,uI,Uj,)  +  SvF(u,ui,ui,Uy)  =  0,  (2) 

then,  by  assuming  the  given  equations  to  be  hyperbolic,  we 
shall  require  the  condition  of  complete  exceptionality  and  find 
the  conditions  allowing  their  reduction  to  linear  form. 
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Numerical  Solutions  of  Conservation  Laws 
Using  Central  Difference  Schemes 

Gunilla  Efraimsson 
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Royal  Institute  of  Technology 
S-100  44  Stockholm,  Sweden 

We  analyze  numerical  solutions  of  conservation  laws,  where  the 
solution  contains  both  shocks  and  contact  discontinuities.  For 
problems  in  1-D  we  find  that  these  two  kinds  of  discontinuities 
should  be  treated  differently. 

In  the  shock  layer  region  a  first  order  artificial  viscosity  term 
shall  be  switched  on.  The  amount  of  artificial  viscosity  is  de¬ 
termined  by  the  eigenvalue  that  changes  sign  in  the  shock  A 
fast  moving  shock  can  be  calculated  in  a  grid  that  moves  with 
approximately  the  speed  of  the  shock,  to  avoid  smearing. 

The  region  around  the  contact  discontinuity,  as  well  as  the  rest 
of  the  solution,  can  be  calculated  with  a  second  order  accurate 
scheme.  The  scheme  has  been  constructed  by  considering  the 
phase  error  which  is  introduced  by  a  standard  central  difference 
scheme.  We  extend  these  ideas  to  2-D. 

Numerical  solutions  of  the  1-D  Riemann  problem  where  the 
two  techniques  are  implemented  will  be  demonstrated.  Also, 
numerical  results  of  a  model  problem  for  contact  discontinuities 
in  2-D  will  be  presented. 


2D  Wave  Interactions  for  Materials  with 
Nonconvex  EOS:  Computational  Results 
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Department  of  Mathematics 
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Presented  by  E.  Erskine 

2D  computational  results  for  3  x  3  gas  dynamics  with  shock 
wave  interactiona  in  materiala  with  nonconvex  EOS  are  pre¬ 
sented.  A  BCT  variant  of  the  second  order  Godunov  scheme 
is  used  in  the  calculations. 

The  numerical  method,  aa  it  applies  to  these  problems,  is  out¬ 
lined.  Our  code  is  validated  by  comparison  with  prior  shock- 
on-wedge  results  (using  a  convex  only  code)  and  associated 
experiments.  New  2D  shock-on- wedge  wave  interactions  are 
presented  for  both  “fabricated"  and  real  EOS.  ID  studies  are 
also  presented  Finally,  the  older  2x2  code  has  been  exer¬ 
cised  for  an  EOS  case  with  a  cusp  and  these  results  are  also 
included. 
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Boundary  Conditions  for 
Hyperbolic  Problems 

Bernardo  Favini  and  Mauro  Valorani 
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Presented  by  Bernardo  Favini 

The  paper  illustrates  the  application  of  a  compact  matnciaJ 
formulation  (1]  to  the  numerical  solution  of  compressible  in- 
viscid  flows.  The  present  paper  is  conflned  to  the  analysis  of 
smooth  flows.  The  proposed  method  adopts  the  wave  front 
model  [3,3],  which  can  be  considered  as  an  extension  of  the 
A  scheme  approach  to  non-orthogonal  grids  According  to  the 
wave  front  model,  the  component-wise  form  of  the  governing 
equations  written  in  a  non-orthogonal  curvilinear  system  of  co¬ 
ordinates  can  be  cast  into  a  compact  matrix  form  as 

«,r+^H.A,L,T«..=0  (1) 

■al 

In  the  equations  above,  the  symbol  t o  denotes  the  algebraic 
vector  of  the  dependent  variables  where  the  velocity  vector  q 
is  projected  over  the  co-variant  base,  whereas  the  notation  w  is 
used  when  q  is  projected  over  the  Cartesian  base  The  spatial 
co-variant  derivatives  of  <a>  are  evaluated  by  means  of  standard 
partial  derivatives  of  u  [5]  according  to  the  rule 

w|(  =  Tie.,  (2) 

where  T  is  a  transformation  matrix  defined  as  a  function  of 
the  curvilinear  mapping  jacobian.  The  numerical  integration 
of  system  (1)  is  obtained  by  means  of  an  explicit  two-step 
characteristic-biased  scheme  [3,4,9],  which  is  second-order  ac¬ 
curate  both  in  time  and  space.  At  each  step,  it  uses  a  two  point 
stencil  for  each  wave  direction,  and  for  three-dimensional  prob¬ 
lems  is  stable  for  a  CFL  number  less  than  2/3.  Relations  (2) 
allow  to  express  the  co-variant  derivatives  without  the  need 
of  introducing  the  undifferentiated  Christoffel  symbols,  whose 
characteristic-biased  discretization  is  computationally  expen¬ 
sive-  A  TVD  modification  presented  in  [10]  makes  the  scheme 
oscillation  free. 

The  adoption  of  the  wave  front  model  and  of  the  co-variant 
base  to  represent  vectors  and  differential  operators  allows  a 
simple  and  accurate  enforcement  of  the  boundary  conditions 
When  system  (1)  is  evaluated  at  a  boundary  point,  some  of  the 
quantities 

Ck  =  XklkTia,J  (3) 

will  correspond  to  waves  carrying  information  inwards  the  com* 
putational  domain.  Each  of  these  missing  pieces  of  information 
has  to  be  replaced  by  relations  modelling  the  outside  world  in 
order  to  obtain  a  well-posed  problem  at  that  boundary  point 
[5,7].  Following  [2,5,6],  these  boundary  conditions  can  be  for¬ 
mulated  in  differential  form.  Thus,  a  condition  expressing  the 
time  invariance  of  some  integral  quantity  can  be  written  as  a, 
generally  non-linear,  combinations  of  the  time  derivative  of  is 

t>  ",r  =  B  (4) 

or,  similarly,  a  relation  on  spatial  gradients  can  be  cast  as  a 
combinations  of  the  partial  derivatives  of 

=  5  (5) 

These  relations  must  be  rewritten  as  conditions  upon  £*.  In 
the  full  paper,  the  analysis  of  the  integration  at  the  boundaries 
will  be  addressed  in  detail.  The  compact  formalism  will  ease 
the  discussion  of  the  compatibility  along  edges  and  at  corners 
of  different  types  and  combinations  of  boundary  conditions 
This  part  of  the  work  completes  the  analysis  presented  in  [8] 
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Multidimensional  High  Order  Schemes  for 
Systems  of  Conservation  Laws 
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Mail-Code  217-50 
Pasadena  CA  91125 

Par  Che  due  of  scalar  conservation  laws,  Che  theory  of  conver¬ 
gence  and  stability  for  a  large  number  of  numerical  methods 
is  very  well  established.  This  is  also  true  in  view  of  error  es¬ 
timate*  and  convergence  properties,  i  e.  the  order  of  conver¬ 
gence.  Even  for  multidimensional  calculations  there  are  more 
and  more  attempts  to  design  high  order  schemes 
For  the  class  of  systems  of  conservation  laws,  the  picture  differs 
from  the  previous  one.  For  most  of  the  existing  schemes,  there 
are  only  hand-waving  arguments,  that  these  methods  are  of  the 
same  order  as  their  scalar  counterparts.  If  we  look  at  numerical 
methods  for  multidimensional  systems  it  gets  even  worse  Here, 
Strang  showed  that  most  of  the  methods  are  limited  to  at  most 
second  order  accuracy. 

Based  on  a  truly  multidimensional  numerical  scheme,  called 
method  of  transport,  that  we  proposed  in  the  last  conference 
on  Hyperbolic  Problems  in  1992,  we  shall  present  a  more  gen¬ 
eral  class  of  multidimensional  schemes.  In  a  theorem  we  will 
summarize  the  necessary  conditions  on  a  set  of  waves  such  that 
the  resulting  method  is  first-order  consistent  with  the  com¬ 
pressible  Euler  equations.  With  the  help  of  this  theorem,  we 
can  show  that  the  Euler  equations  can  be  decomposed  in  a  fi¬ 
nite  number  of  advection  equations  with  variable  coefficients 
in  any  space  dimensions.  Some  numerical  examples  show  the 
robustness  and  simplicity  of  the  resulting  method 
A  rigorous  error  analysis  of  this  method  shows  that  indepen¬ 
dently  of  the  accuracy  of  the  numerical  scheme  to  solve  the 
advection  equation,  the  overall  scheme  is  at  moat  first-order 
accurate.  The  same  analysis  shows  the  solution  to  this  prob¬ 
lem.  There  exist  correction  terms  to  the  advection  equations, 
such  that  the  sum  of  the  corrected  equations  approximates  the 
non-linear  system  with  the  same  order  of  accuracy  as  the  sim¬ 
ple  advection  equations  are.  In  addition  to  this,  the  order  of 
accuracy  is  not  limited  to  two,  as  in  the  dimensional  splitting 
case,  and  it  is  independent  of  the  space  dimensions. 


Structure  and  Stability  of 
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We  present  results  of  the  structure  and  stability  properties  of 
radiative  shock  waves  and  the  numerical  techniques  we  use 
The  problems  arising  from  a  stiff  source  term  are  discussed 
As  radiative  shock  waves  are  a  common  feature  in  astrophysical 
objects,  a  proper  understanding  of  their  structure  and  stability 
is  essential  for  modeling  astrophysical  flows  We  investigate  the 
time  evolution  of  radiative  colliding  flows,  using  the  Inhomoge¬ 
neous  Euler  equations.  A  source  term  in  the  energy  equation 
describes  the  radiative  cooling  of  the  post -shock  flow  in  a  pa¬ 
rameterized  form  as  a  function  of  temperature  and  density 
We  numerically  And  the  interaction  zone  of  the  two  colliding 
flows  to  contain  a  previously  unobserved  hot  layer  (see  Fig¬ 
ure  3a)  which  is  thermally  unstable.  The  cold  dense  layer  which 
establishes  in  this  region  due  to  radiative  cooling  is  found  to 
be  dynamically  unstable  (see  Figure  3b). 

From  a  numerical  point  of  view,  the  simulations  are  demanding 
in  several  ways.  As  a  spatial  resolution  of  at  least  six  orders  of 
magnitude  is  necessary,  we  use  the  adaptive  mesh  refinement 
algorithm  of  Berger  [1]  (see  also  Figure  3a).  To  include  the 
source  term  we  use  a  Strang  splitting.  This  works  fine  as  long 
as  the  source  term  is  not  stiff.  A  stiff  source  term,  however, 
can  lead  to  wrong  wave  speeds.  From  an  astrophysical  point 
of  view  the  results  are  important  as  the  newly  found  hot  re¬ 
gion  can  contribute  considerably  to  the  X-ray  emission  of  the 
entire  interaction  zone  The  instabilities  may  contribute  to 
the  complex  structures  of  astrophysical  nebulae  as  well  as  to 
their  observed  varyability.  Finally,  from  a  mathematical  point 
of  view,  the  results  give  new  insights  into  the  stability  prop¬ 
erties  of  solutions  to  the  special  kind  of  inhomogeneous  Euler 
equations  we  use. 

[1]  M.  J.  Berger,  "Adaptive  Mesh  Refinement  for  Hyperbolic 
Equations,"  Lectures  in  Applied  Mathematics,  vol  22, 
pp.  31-40,  1985 
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We  examine  herein  the  behaviour  of  the  first  order  differential 
part  of  the  standard  k-e  compressible  model  (with  special  at¬ 
tention  paid  to  the  associated  Riemann  problem),  making  use 
of  the  F^vre  averaging  process,  this  system  writes  (see  (6)  for 
instance): 

(p).t+(pUt)>t  =  0 

+  (pU,U,)i}  +  P,  +  J*,  =  0 
(£),,  +  (UJ(£+P+  |k)).j  =0 
(K).t+(U,K)tJ  +  l<.Uj),}  =0 

(«).«  +0V)j  +  lC‘  =° 

with  an  associated  averaged  perfect  gas  state  law,  i.e. 

P  =  (7  -  l)(B  -  XpUjUj  -  K).  We  focus  first  on  the  case 
where  the  specific  neat  ratio  is  smaller  than  S/3.  The  latter 
system,  which  does  not  possess  a  conservative  form,  is  a  non- 
strictly  unconditionally  hyperbolic  .yatem  which  is  invariant 
under  frame  rotation  Its  eigenvalues  write: 

Ai  =  f/  -  c'  ,  A  j  =  v  ;  A7  =  C/  +  c' 

where  e’  denotes  some  modified  sound  celerity,  i  e.  :  c **  = 
7^  4-  Moreover,  the  last  equation  weakly  couples  with 

the  remaining  It  is  shown  here  that  the  one  dimensional  Rie- 
manr  problem  associated  to  system  (I)  (and  given  left  (L)  and 
right  (R)  states)  does  admit  a  unique  solution  provided  that: 

UR-UL<  -J—{ZR  +■  ZL)  With  c  =  (7-)1/2  <  z  <  c' 

7-1  P 

which  degenerates  to  the  standard  laminar  gas  dynamics  case 
(see  [5])  Moreover,  this  unique  solution  does  fulfill  the  re- 
alisability  requirement  (which  means  that  the  mean  density, 
mean  pressure  and  the  turbulent  kinetic  energy  remain  pos¬ 
itive  through  shocks,  contact  discontinuities  and  rarefaction 
waves).  This  requires  to  introduce  approximate  jump  condi¬ 
tions,  using  theoretical  results  provided  in  [l],  (2)  and  [4].  The 
parametrization  of  Riemann  invariants,  contact  discontinuities 
and  shocks  is  then  given.  The  final  solution  is  obtained  solv¬ 
ing  a  nonlinear  system  with  two  unknowns,  unlike  in  the  gas 
dynamics  case  (see  [5])  The  latter  requires  the  development 
of  a  specific  solver. 

Some  computations  performed  in  a  one  dimensional  framework 
are  given,  which  provide  the  main  wave  patterns  of  the  tur¬ 
bulent  kinetic  energy,  choosing  a  standard  specific  heat  ratio 
(7  =  14)  The  influence  of  the  path  connecting  two  different 
states  through  shocks  will  be  eventually  discussed,  together 
with  the  influence  of  the  constant  value  of  C€l .  The  whole 
model  is  such  that  viscous  terms  are  consistent  with  the  en¬ 
tropy  concept  The  counterpart  of  the  present  study  when  7  is 
chosen  to  be  greater  than  5/3,  which  is  detailed  in  [3],  will  be 
shortly  presented. 


[2l  A  Forestier  and  P  L**  Floch,  “Multi-valued  Solutions  to 
Some  Nonlinear  and  Non-strictly  Hyperbolic  Systems 
Japan  J.  of  Ind  and  Applied  Math  ,  vol  9.  pp  1-23 
1992 

[3)  A  Forestier,  J.M  Herard,  and  X  Louis.  ‘A  Non-strictly 
Hyperbolic  System  to  Describe  Compressible  Turbu¬ 
lence,"  EDF  Internal  Report  HE-41/94  11  A,  1994 
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For  a  system 

u,  +  (/(u)),  =  ((BfulUjjj,  u  :  R  x  [0,  00)  -  U  C  Rn, 
of  conservation  laws,  consider  shock  waves 

u(i,t)=/u7’  1  <  5‘  (for  <  =  0) 

l  u^,  i  >  st 

and 

u(r,  t)  =  <fi((r  -  st)/ e)  with  lim  #(()  =  u*  (for  e  >  0), 

<  — ioo 

and  let 

/?*(«,«)=  ^2  her  (D/(u)  —  XI),  (u,s)g(/xR. 

±(A-j)>  o 

Classical  L&xian  shock  waves  satisfy 

«+(u+,s)®  R(u+  -u“)  =  Rn  (i) 

and  are  known,  under  suitable  assumptions,  to  be  stable  in 
appropriately  defined  senses. 

This  talk  presents  various  results  on  the  stability  of  shock 
waves  which  violate  (1).  Some  of  the  results  seem  to  contribute 
to  the  issue  of  admissibility  criteria. 


A  Hysteretic  Polymer  Flooding  Model 
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It  is  well-known  that  multi-phase  flow  in  porous  media  exhibits 
hysteresis;  this  is  typically  modeled  by  modifying  the  satura¬ 
tion  dependence  of  the  relative  permeabilities.  The  solution  for 
the  Riemann  problem  for  polymer  flooding  shows  cases  with 
non-monotonic  behavior  m  saturation.  This  suggests  hystere¬ 
sis  could  be  important. 

In  this  talk  we  describe  the  global  solution  of  the  Riemann 
problem  for  3-component  2-phases  polymer  flooding  with  hys¬ 
teresis.  We  show  that  hysteresis  produces  more  complicated 
solutions.  We  also  discuss  the  questions  of  non-uniqueness  of 
solutions. 
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Functional  Solutions  and 
Approximate  Methods  Convergence 
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We  present  the  new  approach  to  background  of  approximate 
methods  convergence  based  on  functional  solutions  theory  [1] 
for  conservation  laws.  The  applications  to  physical  kinetics, 
gas  and  fluid  dynamics  are  considered 

Let  W  be  a  locally  compact  metric  space  with  a  Borel  mea¬ 
sure  p,  dx  and  dt  are  the  Lebesgue  measures  on  Rn  and  R-j 
respectively;  B  is  the  set  of  bounded  compactly  supported 
Borel  functions  on  the  topological  product  <J  =  W  x  Rn  x  Rj ; 
Q0  =  W  x  R „;B°°  are  the  functions  infinitely  differentiable 
with  respect  to  (t,  t),  whose  derivatives  belong  to  B  Suppose 
V  C  X.',oe(W',  v),/,  :  V  x  R„  x  R+  — *  v),  1  <  ;  <  n, 

are  denned  mappings,  where  v  =  u  ®  dx  ®  df  .  On  the  set  of 
locally  summable  functions  M  =  {u}  we  consider  the  system 
of  equations  for  the  unknown  variable  ti  6  M 

f  " 

I  [udt9  +  s  «)#sy|  +  (/»+ 1  a  u)]v(d<3) 

Jq 

+  /  y|t=o“o*'o(<<Qo)  =  G  B°°, 

JQo 

which  is  used  as  a  definition  of  a  generalized  solution  of  the 
Cauchy  problem  for  a  system  of  conservation  laws  with  initial 
data  u0.  The  extension  of  the  concept  of  a  solution  proposed  in 
this  paper  (  functional  solutions  [1])  makes  it  possible  to  justify 
the  convergence  of  approximate  methods  in  the  presence  of  an 
a  prior*  estimate  of  an  approximation  in  Llioc(Q,v),  which  is 
uniform  in  the  parameter. 

Theorem  1  Suppose  the  method  A4  is  stable  and  there  is 
property  of  weak  approximation.  Then  this  method  converges 
to  global  regular  functional  solution  of  Cauchy  problem  (1). 

Theorem  2  Every  regular  functional  solution  is  defined  by 
unigue  element  of  space  ijOC(<J,u). 

Theorem  3  Suppose  the  compact  set  K  consists  of  regular 
functional  solutions  which  are  produced  by  compact  set  Y  of 
initial  data  and  there  exists  the  unigue  element  in  K  for  ev¬ 
ery  initial  data  in  Y.  Then  functional  solutions  in  K  are 
continuously  dependent  of  initial  data  in  Y  if  K  and  Y  are 
equipped  by  topology  of  weak  convergence  in  L  J 

[1]  V.A.  Galkin,  Functional  Solutions  of  Conservation  Laws, 
Sov  Phys.  Dokl  (Engl.transl.  Amer  Inst.  Phys.)  35(3) 
(1990),  133-135. 


Viscosity  Approximating  Solutions  to 
ODE  Systems  that  Admit  Shocks, 
and  Their  Limits 

Irene  M.  Gamba  ° 

Courant  Institute 
New  York  University 

We  study  nonlinear  systems  of  ordinary  differential  equations 
that  arise  when  considering  stationary  one  dimensional  systems 
of  conservation  laws  with  forcing  terms  defined  in  a  bounded 
interval.  We  construct  weak  entropy  solutions  of  bounded  vari¬ 
ation  which  are  pointwise  and  C1  limits  of  solutions  of  regu¬ 
larized,  i.e.,  viscous,  systems,  where  the  limit  is  taken  in  the 
viscosity  parameter.  In  particular,  no  oscillations  occur  either 
for  the  viscous  solutions  or  for  the  inviscid  one  We  also  dis¬ 
cuss  the  possible  formation  of  boundary  layers  when  boundary 
values  are  prescribed  for  the  viscous  regularized  equations  As 
applications,  first  we  show  the  existence  of  transonic  solutions 
of  bounded  variation  with  strong  shocks  for  the  equation  of 
stationary  gas  flow  in  a  duct  of  variable  area  as  a  pointwise 
limit  of  artificial  viscosity  solutions.  We  analyze  their  proper¬ 
ties  depending  on  the  kind  of  duct  as  well  as  on  the  boundary 
data  of  the  regularized  problem.  Second  we  show  the  model  ap¬ 
plies  to  the  hydrodynamic  modeling  for  semiconductor  devices 
for  some  particular  heat  conduction  terms  and  added  diffusion 
to  the  energy  equation.  In  particular,  we  show  that  under  the 
assumption  of  bounds  for  the  state  variables,  there  exists  a  reg¬ 
ular  solution  for  that  particular  viscous  heat  conducting  model. 
Also,  if  the  bounds  for  the  state  variables  are  uniform  in  the 
vanishing  parameters,  we  get  existence  of  an  inviscid  weak  en¬ 
tropy  solution  of  bounded  variation  as  a  pointwise  limit  of  the 
regular  ones. 

“Supported  by  the  N.S.F.  under  grant  DMS  9206244. 
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We  present  some  results  on  an  antiplane  shear  problem  for  two 
dimensional  granular  Row 

In  this  problem,  the  equations  describing  the  motion  lose  hy- 
perbolicity  under  loading  and  become  ill-posed.  Shear  Bands 
are  introduced  as  strong  discontinuities  that  localize  the  plas¬ 
tic  deformation  at  the  point  of  ill-posedness.  We  present  an 
algorithm  for  the  numerical  study  of  these  problems.  This  al¬ 
gorithm  is  based  on  a  higher  order  Godunov  method.  Near 
the  shear  band,  we  use  front  tracking  techniques  that  allow  for 
unlimited  growth  of  the  band  at  the  tips  (there  is  no  a  priori 
bound  for  this  rate  of  growth)  and  unloading  relief  along  the 
band. 
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The  quantum  hydrodynamic  (QHD)  model  [1]  approximates 
quantum  effects  in  the  Row  of  electrons  in  a  semiconductor 
device  by  adding  quantum  corrections  to  the  classical  electro- 
gasdynamical  equations.  The  leading  0(ft2)  quantum  correc¬ 
tions  have  been  remarkably  successful  in  simulating  the  effects 
of  electron  tunneling  through  potential  barriers  including  sin¬ 
gle  and  multiple  regions  of  negative  differential  resistance  in 
the  current-voltage  curves  of  resonant  tunneling  diodes  (the 
archetypal  quantum  device). 

In  this  talk,  I  will  present  QHD  simulations  of  hysteresis  in  a 
double  barrier  resonant  tunneling  diode  at  77  K  [2]  These  are 
the  Rret  simulations  of  the  QHD  equations  to  show  hystere¬ 
sis.  The  simulations  demonstrate  that  bistability  is  an  intrin¬ 
sic  property  of  the  resonant  tunneling  diode,  in  agreement  with 
experimental  observations  and  with  simulations  of  the  Wigner- 
Boltzmann  equation. 

Hysteresis  appears  in  many  settings  in  Ruid  dynamics.  The 
simulations  presented  here  show  that  hysteresis  is  manifested 
in  the  extension  of  classical  fluid  dynamics  to  quantum  fluid 
dynamics. 

For  the  simulations,  a  finite  element  method  for  the  time- 
dependent  QHD  model  is  introduced  [2].  The  finite  element 
method  is  based  on  a  Runge-Kutta  discontinuous  Galerkin 
method  for  the  QHD  conservation  laws  and  a  mixed  finite  el¬ 
ement  method  for  Poisson’s  equation  and  the  source  terms  in 
the  QHD  conservation  laws. 

[1]  C.L.  Gardner,  “The  Quantum  Hydrodynamic  Model  for 

Semiconductor  Devices,"  SIAM  J.  App.  Math.,  vol.  54, 
pp.  409-427,  1994 

(2)  Z.  Chen,  B.  Cock  bum,  C.L.  Gardner,  J.W.  Jerome,  "Quan¬ 

tum  Hydrodynamic  Simulation  of  Hysteresis  in  the  Res¬ 
onant  Ttinneling  Diode,"  to  appear. 

“Research  supported  in  part  by  the  U.S.  Army  Research 
Office  under  grant  DAAL03-91-G-0146  and  by  the  National 
Science  Foundation  under  grant  DMS-9204189. 
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We  consider  the  plug  flow  of  a  gas-liquid  mixture  in  a  pipe  of 
constant  area.  We  assume  that  the  liquid  and  gas  are  different 
and  non  reacting  chemicals  and  we  consider  the  case  when  the 
gas  is  near  the  thermodynamic  critical  point .  The  appropriate 
nonlinear  models  of  the  flow  pattern  are  derived:  a  discrete 
plug-chain  model  and  its  long  wave  approximation.  The  ex¬ 
plicit  solutions  of  both  models  are  obtained. 

The  mechanical  analogy  in  the  discrete  case  is  derived.  The 
mechanical  analogy  represents  an  infinite  chain  of  mass  points 
which  move  only  in  the  transversal  direction. 

It  is  found  that  the  model  for  the  long  -wave  approximation  of 
a  plug-chain  system  can  be  considered  as  a  special  example  of 
the  Korteweg  theory  of  capillarity. 

The  modulation  equations  of  the  Korteweg  theory  of  capillar¬ 
ity  are  obtained.  The  averaging  quantities  are  described  by 
Godunov's  system  of  quasilinear  partial  differential  equations. 
Examples  of  hyperbolic  systems  of  modulation  equations  are 
given. 

“The  author  was  supported  by  CNRS,  FVance  under 
Contract  A69/33/93. 


Solving  the  Compressible  Euler  Equations 
in  Time- Dependent  Complex  Geometries 

Monika  Geiben  a 

Freiburg  University 
Institute  for  Applied  Mathematics 
Hermann-Herder-Str.  10 
79104  Freiburg,  Germany 

1  shall  present  a  numerical  algorithm  to  solve  the  non¬ 
stationary  three-dimensional  compressible  Euler  equations  in 
complex  time-dependent  geometries.  This  algorithm  is  an 
upwind  finite  volume  method  working  on  a  grid  of  tetrahe- 
dra.  Such  kinds  of  grids  allow  great  flexibility  in  approxi¬ 
mating  complex  three-dimensional  geometries  Furthermore, 
local  adaption  of  the  grid  to  (non-stationary)  flow  phenom¬ 
ena  (shocks,  steep  gradients,  vortices  and  singularities)  can  be 
used  without  additional  effort  in  the  numerical  scheme.  An¬ 
other  possibility  to  achieve  high  resolution  of  flow  phenomena 
is  to  use  a  numerical  scheme  of  higher  order  in  space.  I  shall 
present  a  new  cell-centered  finite  volume  scheme  of  second  or¬ 
der  in  space  working  on  a  grid  of  simplices.  This  approach  is 
motivated  by  a  theoretical  result  of  convergence  in  the  case  of 
scalar  conservation  laws  in  two  space  dimensions.  Tests  with 
this  approach  show  that  this  really  is  of  higher  order  for  prob¬ 
lems  with  smooth  solutions  and  the  used  limiter  function  avoids 
oscillations  at  discontinuities. 

For  the  local  adaption  of  the  grid,  a  criterion  is  necessary  which 
controls  the  fineness  of  the  grid  according  to  the  numerical  er¬ 
ror  of  the  scheme.  For  the  system  of  the  Euler  equations,  no  a- 
posteriori  error  estimator  is  available  as  for  elliptic  or  parabolic 
problems.  Therefore,  many  heuristic  criteria,  for  instance  ori¬ 
ented  on  large  gradients,  differences  or  second  derivatives,  are 
used.  An  approach  baaed  on  the  residuum  is  well  motivated 
for  scalar  conservation  laws  in  ID  with  a  result  of  Tadmor 
Therefore  an  interpretation  of  the  residuum  approach  for  the 
system  of  the  Euler  equation  will  be  discussed. 

The  combination  of  solving  conservation  laws  and  moving 
boundaries  of  the  geometry  demands  a  numerical  scheme  which 
guarantees  conservation.  A  new  approach  to  fulfill  that  for  a 
finite  volume  scheme  working  on  simplices  will  be  presented. 
The  presented  algorithm  has  been  applied  to  calculate  the  flow 
in  a  complex  cylindrical  geometry  with  a  moving  piston  (see 
Fig.  4). 

“This  work  has  been  supported  by  the  Deutsche  For- 
schungsgemeinschaft. 
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The  Two-Dimensional  RJemann  Problem 
for  the  Linearized 
Gas  Dynamic  Equations 

Herve  Gilquin 

Ecole  Normal e  Supeneure  de  Lyon 
Uniti  dt  Mathimatiyues  Pare  et  Apphqaees 
46,  At  lee  d'ltalie,  F- 69364  LYON  Cedex  07,  France 

W«  give  the  explicit  solution  of  the  two-dimensional  Riemann 
problem  for  the  linearized  gaa  dynamic  equations  on  a  struc¬ 
tured  or  unstructured  mesh.  We  first  derive  a  d'Alembert 
equation  for  the  pressure  P  Then  we  use  Kirchoff  formulae 
to  formally  define  P  and,  as  a  consequence,  the  density  p  and 
the  two  components  of  the  velocity.  Finally  the  explicit  for¬ 
mulae  obtained  are  proven  to  define  the  unique  solution  of  the 
bidimensional  Riemann  problem. 


Study  of  “Residual”  Boundary  Conditions 

Marguerite  Giscion  and  Denis  Serre 

UMPA,  CNRS-UMR  n°128, 

Ecole  Normale  Supineure  de  Lyon, 

46,  allie  d'ltalie 
69364  LYON  Cedex  07 
France 

Presented  by  Marguerite  Giscion 

We  consider  a  hyperbolic  system  of  conservation  laws  per¬ 
turbed  by  a  viscous  term  : 

&(«**(*.«))+  &(/(«*(*.<))) 

=  *&(*(«*(*.  o)£u‘(*.o).  x  >  0,  t  >  0, 

u‘(x,  0)  =  6(r),  x  >  0, 
u*(0,  t)  =  o(»),  I  >  0, 

where  u*(r,  t)  g  Rn,  /  :  R"  —  Rn  smooth,  B  €  Gin(R) 
We  suppose  that,  for  all  u,  the  eigenvalues  of  D/(u)  are  real 
and  satisfy  : 

Aj(u)  <  <  Ap(u)  <  0  <  Ap+iCu)  <  <  A„(u). 

We  denote  by  u  the  solution  of  the  hyperbolic  system  with 
“residual”  boundary  conditions  : 

f  |«(i,l)+^/W»,l))  =  0,  x>0,  «>0, 

(•)<  u(r,0)  =  4(r),  x  >  0, 

l  u(0,  ()  g  C(a(t»,  t  >  0, 

where 

C(a)  :(u6  Rn,  3  v(y) €  R"  solution  of (/>)}, 

and  the  problem  ( P )  is  defined  by 

f  B(v(y)  +  a)v'(y)  s  /(v(y)  +  0)  -  f(a), 

(P)<  v(0)  +  fl  =  a, 

(.  v(+oo)  =  0. 

We  suppose  that 

1)  the  hyperbolic  system  (•)  admits  an  entropy  E  such  that 
D2E  =  S  is  a  symmetric  positive  definite  matrix. 

2)  the  viscosity  matrix  B  satisfies 

3  a  >  0,Y  u  €  R",Vg  g  R",  (S(u)g,  B(u){)  >  a|{|2, 
then  we  prove: 

Theorem  1  The  set  C(a)  is  a  manifold  in  a  neighborhood 
of  the  point  a  with  dimension  p  whose  tangent  space  is  E£  = 
0f,j  ker(0/(«)  -  Ai(a)/n). 

Theorem  3  There  exists  a  time  T  >  0,  such  that  u*  con¬ 
verges  towards  a  m  L°°(0,  T,  £*(R+ ))  as  t  tends  to  tero 
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A  Well  Balanced  Scheme  for  the 
Numerical  Processing  of  Source  Terms  in 
Hyperbolic  Equations 


Global  Solutions  of  the 
Relativistic  Euler  Equations 
in  Non-Flat  Spacetimes 


James  Greenberg 
Department  of  Mathematic s 
University  of  Maryland 
Baltimore  County,  Catonsville,  MD  21228 

In  a  variety  of  physical  problems  one  encounters  source  terms 
which  are  balanced  by  internal  forces  and  this  balance  sup¬ 
ports  multiple  steady  state  solutions  which  are  stable  Typical 
of  these  are  gravity-driven  flows  such  as  those  described  by 
the  shallow  water  equations  over  a  nonuniform  ocean  bottem 
(see  (1.10)).  Many  classical  numerical  scheme  cannot  main¬ 
tain  these  steady  solutions  or  achieve  them  do  not  preserve  the 
proper  balance  between  the  source  terms  and  internal  forces. 
We  proposed  here  a  numerical  scheme,  adapted  to  a  scalar 
conservation  law,  which  preserves  this  balance  and  which  can, 
hopefully,  be  extended  to  more  general  hyperbolic  systems. 
The  proof  of  convergence  of  this  scheme  towards  the  entropy 
solution  is  given  and  some  numerical  tests  are  reported 


Jeff  Groah 

University  of  California,  Davis 

The  existence  of  solutions  with  shocks  is  demonstrated  for  the 
equations  describing  a  perfect  fluid  in  general  relativity  on 
an  n  >  2  dimensional  spacetime,  namely,  divT  =  0,  where 
T>J  -  [p  -f  pc3)u‘u*  +  pg l]  is  the  stress-energy  tensor  for  a 
perfect  fluid,  and  the  divergence  is  the  covariant  divergence 
Here  p  denotes  the  pressure,  u  the  n-velocity,  p  the  mass- 
energy  density  of  the  fluid,  g,}  the  metric  of  the  manifold, 
and  e  the  speed  of  light.  The  special  equation  of  state  p  —  o2  p 
is  assumed,  where  »  ,  the  sound  speed,  is  assumed  to  be  con¬ 
stant.  The  metric  is  restricted  to  the  class  of  conformally  flat 
metrics,  a  class  which  includes  the  Robertson- Walker  metric,  a 
metric  used  to  model  an  expanding  universe  For  these  equa¬ 
tions  we  construct  bounded  weak  solutions  of  the  initial  value 
problem  which  travel  in  one  of  the  space  dimensions  for  any 
initial  data  of  ftnite  total  variation.  A  non-flat  metric  appears 
in  these  equations  as  a  source  term  and.  in  general,  to  solve 
equations  with  a  source  term  by  Glimm’s  method  in  general 
requires  that  the  source  term,  as  well  as  the  total  variation  of 
the  initial  data,  be  small.  However,  in  the  extreme  relativistic 
limit,  all  equations  of  state  tend  to  p  =  and  for  this 

special  case  we  can  assume  arbitrarily  large  initial  total  vari¬ 
ation  and  show  that  the  total  variation  of  solutions  remains 
uniformly  bounded  in  time,  independent  of  the  strength  of  the 
gravitational  field. 
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Gaussian- Based  Moment-Method  Closures 
for  the  Solution  of  the  Boltzmann  Equation 

Clinton  P.  T.  Groth 

Department  oj  Aerospace  Engineering 
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Space  Physics  Research  Laboratory 
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Philip  L.  Roe  and  Shawn  L.  Brown 

Department  of  Aerospace  Engineering 
University  of  Michigan 
Ann  Arbor,  Michigan  48109-2118 

Presented  by  Clinton  P.  T.  Groth 

This  paper  is  concerned  with  the  development  of  higher-order 
moment  closures  and  generalized  transport  equations  that  pro¬ 
vide  approximate  solutions  to  the  Boltzmann  equation  of  gask- 
inetic  theory.  The  goal  is  to  provide  improved  mathematical 
modeling  for  the  numerical  solution  of  rarefied  flows  in  the 
transitional  regime,  beyond  but  near  the  hydrodynamic  (con¬ 
tinuum)  limit,  and  specific  applications  would  include  problems 
in  both  the  physics  of  space  plasmas  and  upper-atmospheric 
aerodynamics  of  hypersonic  vehicles.  Desirable  features  of  clo¬ 
sure  methods  are  positivity  of  the  approximate  particle  ve¬ 
locity  distribution  functions  and  hyperbolicity  of  the  associ¬ 
ated  transport  equations  for  they  ensure  finite  speeds  of  prop¬ 
agation  and  well-posedness  of  initial  boundary  value  prob¬ 
lems.  Previous  closure  models  based  on  perturbations  to 
a  Maxwellian  cannot  be  easily  endowed  with  these  proper¬ 
ties.  New  higher-order  moment  closures  are  proposed  baaed  on 
Chapman-Enskog  like  expansions  for  the  particle  distribution 
function  in  terms  of  a  novel  non-isotropic  Gaussian  velocity  dis¬ 
tribution.  The  expansion  technique  permits  the  inclusion  of  the 
hydrodynamic  stresses  in  a  non- perturbative  fashion  and  effec¬ 
tively  extends  the  methodology's  range  of  validity  by  avoiding 
the  breakdown  of  the  transport  equations.  The  relevant  math¬ 
ematical  theory  and  desirable  properties  of  the  non-isotropic 
Gaussian  distribution  and  moment  closures  are  described.  The 
proposed  quasi- linear  symmetric  transport  equations  are  shown 
to  be  stable  and  hyperbolic,  and  the  associated  particle  phase- 
space  distribution  functions  are  demonstrated  to  be  positive, 
for  a  significant  range  of  physical  conditions  (i.e.,  well  defined 
regions  of  phase  space  in  the  vicinity  of  the  Gaussian  limit), 
making  them  both  tractable  and  well-suited  for  modern  nu¬ 
merical  solution  algorithms. 


A  Numerical  Study  of  Shock  Interactions 
and  Shock  Induced  Mixing 

John  W.  Grove,  Brian  Boston,  and  Richard  Holmes 

Department  of  Applied  Math  and  Statistics 
SUNY  at  Stony  Brook 
Stony  Brook,  NY  11794-3600 

Presented  by  John  W.  Grove 

This  talk  will  describe  several  applications  of  the  front  tracking 
method  to  simulations  of  shock  accelerated  interfaces.  Three 
main  applications  will  be  discussed,  the  acceleration  of  fluid  in¬ 
terfaces  in  a  shock  tube,  the  refraction  of  an  expanding  shock 
wave  through  a  thermal  boundary  layer  at  a  wall,  and  the  ac¬ 
celeration  of  closed  fluid  interfaces  by  expanding  shocks.  The 
important  issues  here  are  the  early  structure  of  the  shock  re¬ 
fractions,  and  the  later  time  chaotic  mixing  at  the  fluid  inter¬ 
faces.  We  will  also  discuss  the  benefits  of  tracking  the  two  di¬ 
mensional  wave  interactions  produced  by  the  shock  refractions 
by  comparing  simulations  where  these  interactions  are  tracked 
with  corresponding  simulations  where  they  are  captured 
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Fourth  Order  Difference  Methods 
for  Hyperbolic  IBVP 


The  Cauchy  Problem 
for  an  Elastic  String 
with  a  Linear  Hooke’s  Law 


Bertil  Gustafeson  and  Pelle  Olsson 

Uppsala  University  and 
RIACS,  NASA  Amts  Research  Center 

We  consider  fourth  order  difference  approximation*  of  initial¬ 
boundary  value  problem*  for  hyperbolic  partial  differential 
equation*  We  uae  the  method  of  lines  approach  with  both  ex¬ 
plicit  and  compact  implicit  difference  operator*  in  space.  The 
explicit  operator  satisfies  a  summation  by  part*  condition  lead¬ 
ing  to  an  energy  estimate  and  strict  stability. 

Compact  implicit  difference  operator*  are  based  on  an  approx¬ 
imation  —  P~lQ,  where  P  and  Q  are  non-diagonal  differ¬ 
ence  operators  In  this  way  the  error  constant  can  be  substan¬ 
tially  reduced,  and  the  extra  work  required  for  solving  the  band 
systems  in  each  time  step  may  well  pay  off.  No  general  theory  is 
currently  available  for  this  type  of  approximations.  We  present 
a  complete  stability  analysis  for  the  implicit  fourth  order  ap¬ 
proximation  by  generalising  the  Laplace  transform  technique. 
We  construct  boundary  conditions  such  that  the  resulting  ap¬ 
proximation  is  strongly  stable  and  give*  a  fourth  order  global 
error  estimate. 

We  also  present  numerical  experiment*  for  the  linear  advec- 
tion  equation  and  the  Burger's  equation  with  discontinuities 
in  the  solution  or  in  its  derivative.  The  first  equation  is  used 
for  modeling  contact  discontinuities  in  fluid  dynamics,  the  sec¬ 
ond  one  for  modeling  shocks  and  rarefaction  waves.  The  time 
discretisation  is  done  with  a  third  order  Runge-Kutta  TVD 
method.  For  solution*  with  discontinuities  in  the  solution  it¬ 
self  we  add  a  Alter  based  on  second  order  viscosity. 

For  the  non-linear  Burger's  equation  we  uae  a  flux  splitting 
technique  that  results  in  an  energy  estimate.  This  splitting 
also  guarantees  that  the  entropy  condition  is  fulfilled.  In  par¬ 
ticular  we  shall  demonstrate  that  the  unsplit  conservative  form 
produces  a  non-physical  shock  instead  of  the  physically  correct 
rarefaction  wave. 

In  the  numerical  experiments  we  compare  our  fourth  order 
methods  with  standard  second  order  ones  and  with  TVD- 
methods  of  order  one,  two  and  three.  The  results  show  that  the 
fourth  order  methods  are  the  only  ones  that  give  good  results 
for  all  the  considered  test  problems. 
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The  equations  of  planar  motion  of  a  string  take  the  form 


-(?).  - 

(1) 

-(?).  - 

(2) 

-  u,  =0 

(3) 

fit  -vx  =0 

(4) 

after  scaling,  where  the  string  is  parametrised  by  its  length 
x  at  rest,  (  s  Xz,  i|  =  Yx ,  u  =  Xt,  and  u  =  Y,  Here 
(X(x,  l),V(x,t))  is  the  position  of  the  point  labeled  r  on  the 
string  at  time  t.  We  assume  the  (scaled)  tension  T  is  given  by 
the  linear  Hooke’s  law 

T  =  r  -  1  where  r  s  i/f3  + 

(5) 

and  r  a  1  corresponds  to  the  absence  of  any  tension  For  a 
rigorous  derivation  of  these  equations,  see  Antman  [1]. 

Keyflts  and  Kranser  [3]  considered  the  string  with  s  nonlinear 
force  law.  In  that  setting,  the  transversal  wave*  made  up  a 
linearly  degenerate  family,  while  the  longitudinal  waves  formed 
a  nondegenerate  family. 

For  a  linear  law,  both  these  families  become  linearly  degener¬ 
ate,  and  so  both  families  support  contact  discontinuities  In 
addition  to  the  contact  discontinuities,  we  find  certain  anoma¬ 
lous  shocks  corresponding  to  a  180s  bend  in  the  string,  but 
these  shocks  either  create  or  destroy  energy.  For  this  reason, 
and  because  the  Riemann  problem  has  a  unique  solution  with¬ 
out  any  anomalous  shocks,  we  dismiss  the  anomalous  shocks 
as  unphysical. 

Energy  conservation  leads  to  L1  estimates  for  the  solution 
Thus  we  are  able  to  show  that  Glimm’s  scheme  [2]  produces 
a  weak  solution  to  the  Cauchy  problem  for  arbitrarily  large 
initial  data  by  working  in  L3  spaces. 

[1]  Stuart  S.  Antman,  “The  Equations  for  Large  Vibrations  of 

Strings,"  Amer.  Math.  Monthly,  vol.  87,  pp.  359-370. 
1980. 

[2]  James  Glimm,  "Solutions  in  the  Large  for  Nonlinear  Hy¬ 

perbolic  Systems  of  Equations,”  Comm.  Pure  Appl 
Math.,  vol.  28,  pp.  697-715,  1965 

[3]  Barbara  L.  Keyflts  and  Herbert  C  Kranser,  "A  System 

of  Non-Strictly  Hyperbolic  Conservation  Laws  Arising 
in  Elasticity  Theory,”  Arch.  Rat.  Mech.  Anal.,  vol  72, 
pp.  219-241,  1980. 
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Global  Solutions  of  the 
Navier-Stokes  Equations 
for  Multidimensional  Compressible  Flow 
with  Discontinuous  Initial  Data 


Adaptive  Multiresolution  Schemes 
for  Shock  Computations 

Ami  Harten 

School  oj  Mathematical  Sciences 
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Department  of  Mathematics 
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In  this  talk  we  present  adaptive  multiresolution  schemes  for 
the  computation  of  discontinuous  solutions  of  hyperbolic  con¬ 
servation  laws.  Starting  with  the  given  grid,  we  consider  the 
grid-averages  of  the  numerical  solution  for  a  hierarchy  of  nested 
grids  which  is  obtained  by  diadic  coarsening,  and  compute 
its  equivalent  multiresoluton  representation.  This  representa¬ 
tion  of  the  numerical  solution  consists  of  the  grid-averages  of 
the  coarsest  grid  and  the  set  of  errors  in  predicting  the  grid- 
averages  of  each  level  of  resolution  from  the  next  coarser  one; 
these  errors  depend  on  the  size  of  the  grid  and  the  local  regular¬ 
ity  of  the  solution.  At  a  jump-discontinuity  they  remain  of  the 
size  of  the  jump  ,  independent  of  the  level  of  resolution;  this 
observation  enables  us  to  identify  the  location  of  discontinu¬ 
ities  in  the  numerical  solution.  In  a  region  of  smoothness,  once 
the  numerical  solution  is  resolved  to  our  satisfaction  at  a  cer¬ 
tain  locality  of  some  grid,  then  the  prediction  errors  there  for 
this  grid  and  all  finer  ones  are  small;  this  enables  us  to  obtain 
data  compression  by  setting  to  zero  terms  of  the  multiresolu¬ 
tion  representation  that  fall  below  a  specified  tolerance.  The 
numerical  flux  of  the  adaptive  scheme  is  taken  to  be  that  of  a 
standard  centered  scheme,  unless  it  corresponds  to  an  identi¬ 
fied  discontinuity,  in  which  case  it  is  taken  to  be  the  flux  of  an 
ENO  scheme.  We  use  the  data  compression  of  the  numerical 
solution  in  order  to  reduce  the  number  of  numerical  flux  eval¬ 
uations  as  follows:  We  start  with  the  computation  of  the  exact 
numerical  fluxes  at  the  few  grid-points  of  the  coarsest  grid,  and 
then  proceed  through  diadic  refinement  to  the  given  grid.  At 
each  step  of  refinement  we  add  values  for  the  numerical  flux  at 
the  new  grid-points  which  are  the  centers  of  the  coarser  cells. 
Wherever  the  solution  is  locally  well-resolved  (i.e.  the  corre¬ 
sponding  prediction  error  is  below  the  specified  tolerance)  the 
costly  exact  value  of  the  numerical  flux  function  is  replaced  by 
an  accurate  enough  approximate  value  which  is  obtained  by  an 
inexpensive  interpolation  from  the  values  of  the  coarser  grid. 


David  Hoff 

Department  of  Mathematics 
Rauiles  Hall 
Indiana  University 
Bloomington,  IN  4H05 

We  prove  the  global  existence  of  weak  solutions  of  the  Navier- 
Stokes  equations  for  compressible,  isothermal  flow  in  two  and 
three  space  dimensions  when  the  initial  density  is  close  to  a 
constant  in  L1  and  L°° ,  and  the  initial  velocity  is  small  in  I.2 
and  bounded  in  L1  (in  two  dimensions  the  L1  norms  must 
be  weighted  slightly).  A  great  deal  of  qualitative  information 
about  the  solution  is  obtained.  For  example,  we  show  that  the 
velocity  and  vorticity  are  relatively  smooth  in  positive  time, 
as  is  the  “effective  viscous  flux”  F,  which  is  the  divergence  of 
the  velocity  minus  a  certain  multiple  of  the  pressure  We  find 
that  F  plays  a  crucial  role  in  the  entire  analysis,  particularly 
in  closing  the  required  energy  estimates,  understanding  rates 
of  regularization  near  the  initial  layer,  and  most  important, 
obtaining  time-independent  pointwise  bounds  for  the  density 
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Nonlinear  and  Compressible  Effects 
in  the  Richtmyer- Meshkov  Instability 


A  Level  Set  Formulation  for 
Interfacial  Fluid  Flows 


Richard  L.  Holmes  and  John  W.  Grove 

University  at  Stony  Brook 

David  H.  Sharp 

Los  Alamos  National  Laboratory 

Presented  by  Richard  Holmes 

The  Richtmyer-Meshkov  instability  is  generated  when  a  shock 
wave  strikes  an  interface  between  two  gases  causing  perturba¬ 
tions  on  the  interface  to  grow  with  time.  There  has  been  a 
great  deal  of  interest  in  this  instability  due  to  its  importance 
in  Inertial  Confinement  Fusion  and  supernova  theory. 

So  far  theories  of  the  Richtmyer- Meshkov  instability  which  pre¬ 
dict  the  growth  rate  of  interface  perturbations  have  failed  to 
agree  with  the  results  of  shock  tube  experiments  These  the¬ 
ories  include  the  impulsive  model  of  Richtmyer  and  the  lin¬ 
earized  theory  of  Richtmyer  and  its  recent  generalization  by 
Yang,  Zhang  and  Sharp.  We  present  the  the  results  of  numer¬ 
ical  simulations  which  indicate  that  the  small  amplitude  and 
incompressibility  assumptions  made  by  these  theories  are  not 
valid  over  the  timescales  considered  in  experiments  and  that 
this  invalidity  is  likely  to  be  the  reason  for  the  lack  of  agree¬ 
ment 


Thomas  Y.  Hou 

Dept,  of  Applied  Mathematics 
California  Institute  of  Technology 

A  level  set  formulation  is  derived  for  incompressible,  immisci¬ 
ble  Navier-Stokes  equations  separated  by  a  free  surface  The 
free  surface  is  identified  as  the  zero  level  set  of  a  smooth  func¬ 
tion.  The  effects  of  discontinuous  density,  discontinuous  vis¬ 
cosity  and  the  surface  tension  can  be  taken  into  account  natu¬ 
rally.  High  order  front  capturing  finite  difference  methods  are 
proposed  based  on  this  level  set  formulation  These  methods 
are  robust,  efficient,  and  are  capable  of  computing  topological 
transition  and  interface  singularities  such  as  merging  and  re¬ 
connection  of  fluid  bubbles.  Numerical  experiments  of  bubble 
merging  and  roll-up  of  a  jet  are  presented  to  demonstrate  the 
effectiveness  of  the  methods. 


Nonlinear  Diffusive  Phenomena  of 
Solutions  for  the  System  of 
Compressible  Adiabatic  Flow 


Slow  Dynamics  of  Linear  Waves  in 
Nonlinear  Systems  of  Conservation  Laws 


L.  Hsiao  “ 

Academia  Sintca 
Institute  of  Mathematics 
Beijin 3  100080,  China 

Consider  (he  system 

f  »i-«i  =0 

<  ui+p(v,»),  =  -au,  a>0  (1) 

l  #(  =0 

which  can  be  used  to  model  the  adiabatic  gas  flow  through 
porous  media,  where  v  is  specific  volume,  u  denotes  velocity, 
s  stands  for  entropy,  p  denotes  pressure  with  p*  <  0  for  v  >  0. 
It  can  be  proved  that  the  solutions  of  (I)  tend  to  those  of  the 
following  nonlinear  parabolic  equation  time-asymptotically. 

(  «t  = 

<  >t  =  0  (2) 

l  u  =  -£!>(«'.*)* 

‘Research  supported  in  part  by  National  Natural  Sci¬ 
ence  Foundation  of  China. 
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Hunter  and  Russo  posed  the  problem  of  the  description  for 
large  time  of  perturbation  of  hyperbolic  systems  of  conserva¬ 
tion  laws: 

/  ui  +  d«v(/(u*))  =  »/»[u*l,  u‘  €  ft",  r  €  R,  t  >  0, 
u*(z,  0)  =  a(*),  *  €  R 

Such  systems  appear  in  several  models  of  continuum  mechan¬ 
ics,  the  perturbation  rPfu)  (usually  a  PDO)  might  so  rep¬ 
resent  the  effect  of  viscosity,  heat  conduction  etc  We  no¬ 
tice  that  r  is  a  small  parameter,  x  —  a(z)  a  periodic  func¬ 
tion  and  we  suppose  that  the  system  for  r  =  0  is  hyperbolic 
and  endowed  by  both  linear  and  nonlinear  characteristic  fields 
We  note  A(u)  the  spectral  value  of  Df( u)  corresponding  to 
the  linear  field,  r  —  et  the  slow  time,  c  =  c(r)  the  solu¬ 
tion  of  £(re(r  ))  =  A(u).  Observing  that  for  time  t  <  e  1 
and  smooth  initial  data,  the  perturbation  cP[u]  can  often  be 
ignored  ,  so  that  the  nonlinear  waves  will  be  damped,  D 
Serre  gave  a  qualitative  description  of  the  dynamics  for  times 
t  ~  r—1.  If  we  use  a  change  of  variable  which  isolates  the  non 
linear  waves  (»*  6  Rn~l )  from  the  linear  ones  (u/*  6  R),  we 
can  consider  the  asymptotic  development: 

»*(*,  t)  ss  v0(r)  +  m,(*  -  e(r)«,  r)  +  0( r2), 

«;*(*,»)  =  s>o(*  —  e(r)t,  t)  +  ttv i(*  -  e(r)t,  r)  4-  Olr2) 

In  first  approximation  the  nonlinear  modes  depend  only  of  the 
slow  time,  whereas  the  linear  mode  is  a  wave  whose  speed  is 
also  a  function  of  the  slow  time. 

The  aim  of  this  talk  is  to  show  various  results  obtained  m  that 
way,  for  the  system  of  Keyfitz  and  Kranzer  and  for  the  system 
of  gas  dynamics.  We  can  prove  for  these  two  systems,  that  the 
homogenized  problem  (system  satisfied  by  vq  and  u»0)  is  well 
posed. 
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Optimal  Grid  of  the  Steady  Euler  Equations 
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Hong  Kong  University  of  Science  and  Technology 
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Presented  by  W.  H.  Hui 

The  Euler  equations  for  steady  supersonic  flow  may  be  solved 
using  a  shock-capturing  methodology  by  marching  in  a  spa¬ 
tial  coordinate.  When  the  Eulerian  formulation  is  used  with 
cartesian  coordinates  (r,y),  the  computation  suffers  from  two 
drawbacks:  (a)  sliplines  are  smeared  badly  and  (b)  the  march¬ 
ing  (in  r,  say)  fails  due  to  ill-poeedness  in  regions  where  the 
c-component  of  velocity  is  subsonic,  although  the  total  velocity 
there  is  supersonic.  The  generalized  Lagrangian  formulation  of 
Hui  and  his  coworkers  (1),  in  which  the  coordinates  are  (A,  () 
with  (  being  a  stream  function,  eliminates  the  first  drawback 
while  partially  remedies  the  second. 

In  this  paper,  we  have  found  an  optimal  coordinate  system,  and 
thus  the  optimal  computational  grid,  in  the  generalized  La¬ 
grangian  formulation  for  which  the  coordinate  lines  A  =  const 
and  (  =  const  are  orthogonal.  In  comparisons  using  test 

problems,  we  find  that  computing  the  Euler  equations  based 
on  the  optimal  grid  has  the  following  advantages:  (a)  it  is  moat 
robust,  being  well-posed  everywhere,  (b)  it  has  fewer  equations 
to  solve  and,  (c)  it  gives  more  accurate  results.  In  addition, 
orthogonality  of  the  optimal  coordinates  ensures  no  large  dis¬ 
tortion  of  the  computational  cells  in  the  physical  plane,  thus 
eliminating  the  need  of  conventional  Lagrangian  formulation 
to  re-map  to  the  Eulerian  plane  and  its  resulting  errors. 
Figure  5  shows  the  flow-generated  grid  and  the  computed  Mach 
number  in  a  channel  flow.  The  computation  was  done  using  the 
adaptive  first  order  Godunov  scheme,  and  the  exact  analytical 
solution  was  reproduced  numerically.  The  computation  termi¬ 
nates  at  B  where  the  Mach  numbers  is  1.000719.  When  Eu¬ 
lerian  formulation  or  other  non-orthogonal  streamlined  coor¬ 
dinates  were  used,  the  computation  could  not  proceed  beyond 
the  point  A  due  to  ill-posednesa  of  the  local  Cauchy  Problem. 

[1]  W.  H.  Hui,  J.  Comput.  Physics,  vole.  39.  207,  103,  450, 
and  463. 
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W e  show  that  the  following  nonlinear  partial  differential  equa¬ 
tion, 


is  a  completely  integrable,  bi- Hamiltonian  system  The  cor¬ 
responding  equation  for  w  =  uxs  belongs  to  the  Harry- Dym 
hierarchy.  This  equation  is  the  canonical  asymptotic  equa¬ 
tion  for  weakly  nonlinear  solutions  of  a  class  of  hyperbolic 
equations  derived  from  variational  principles  It  is  also  the 
high-frequency  limit  of  the  integrable  Camassa-Holm  equation 
which  is  a  model  equation  for  shallow  water  waves  Using  the 
bi- Hamiltonian  structure,  we  derive  a  recursion  operator,  a  Lax 
pair,  and  an  infinite  family  commuting  Hamiltonian  flows,  to¬ 
gether  with  the  associated  conservation  laws.  In  addition  we 
find  the  transformation  to  act  ion- angle  coordinates 
Smooth  solutions  of  the  partial  differential  equation  break 
down  in  finite  time  because  their  derivative  blows  up  Never¬ 
theless,  we  show  that  there  is  a  class  of  piecewise  linear  energy- 
conserving  weak  solutions,  for  which  the  Hamiltonian  struc¬ 
ture  and  complete  integrability  remain  valid  even  after  their 
derivative  blows  up.  We  compute  explicitly  the  bi- Hamiltonian 
structure  on  the  finite  dimensional  invariant  submanifolds  of 
piecewise  linear  solutions  which  is  obtained  by  restricting  the 
bi- Hamiltonian  structure  of  the  partial  differential  equation 


36 


Modelling  Relativistic  Flows  with 
Modern  High- Resolution 
Shock-Capturing  Schemes 
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Deportamento  de  Fie  tea  Teonca 
Umversidad  de  Valencia 
E-46100  Burjassot  (Valencia),  Spain 

A.  Maiquina 

Departamento  de  Matemdtica  Aplicada  y  Aetronomia 
Umversidad  de  Valencia 
E-46100  Burjassot  (Valencia),  Spain 

J.M-.  Marti 

Umverudad  de  Valencia 
and 

Max- Planck- Institut  fir  Astrophysik 
Karl-Schwarzschild-str.,  J,  D-85±  10  G arching ,  Germany 

J.V.  Romero 

Umversidad  de  Valencia 
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We  have  extended  modern  high-resolution  shock- capturing 
schemes  to  the  multidimensional  relativistic  hydrodynamics 
system  of  equations.  In  order  to  carry  out  this  extension  we 
have  analysed  the  spectral  decomposition  of  the  Jacobian  ma¬ 
trices  associated  to  the  fluxes.  The  interest  of  this  analysis, 
both  from  the  theoretical  and  from  the  numerical  point  of 
view,  is  discussed.  Two  severe  tests  show  the  performance  of 
our  numerical  hydro-code.  Several  aatrophysical  applications 
are  displayed  for  which  the  correct  modelling  of  formation  and 
propagation  of  strong  shocks  is  of  crucial  importance. 
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A  simple  dipole  chain  is  (he  main  building  block  of  many  mod¬ 
els  in  solid  state  physics  Here  we  consider  nearest  neigh¬ 
bour  interactions  of  the  individual  charges  of  the  dipole  In 
the  dipole  approximation,  a  mixed  type  nonlinear  differential 
equation,  more  general  than  sme-Gordon,  governs  the  dipole 
angles.  Soliton  solutions  are  found.  Collisions  of  these  sohtons 
are  investigated  numerically  These  collisions  do  not  seem  to 
be  elastic.  On  the  other  hand,  theoretical  arguments  seem  to 
point  at  the  equation  being  integrable. 

Extensions  of  the  equation  to  include  finite  dipole  moments, 
etc.,  have  been  found. 
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Flux  Calculation  for 
Multiphase  Flow  in  Porous  Media 
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We  consider  the  system  of  equations  arising  from  multiphase 
flow  in  porous  media  when  capillary  effects  are  neglected  Be¬ 
sides  a  small  region,  this  system  is  usually  hyperbolic  To  sim¬ 
ulate  numerically  such  flows  using  cell-centered  finite  differ¬ 
ences,  engineers  have  designed  an  appropriate  flux  calculation 
that  is  called  the  upstream  mobility  flux. 

This  calculation  is  formulated  implicitly  in  the  sente  that  to 
calculate  the  flux,  which  is  the  flow  rates  of  the  phases,  one 
needs  to  know  the  directions  to  which  the  phases  are  flowing, 
and  this  is  part  of  what  we  are  calculating.  We  show  that  by 
ordering  the  phases  according  to  their  densities  one  can  make 
this  calculation  explicit. 

In  the  case  of  two-phase  flow  where  the  system  reduces  to  a 
scalar  conservation  law,  we  show  that  the  upstream  mobility 
flux  is  an  approximate  Riemann  solver  with  all  the  desired 
oroperties  for  convergence  of  the  associated  cell  centered  finite 
difference  method  and  we  compare  it  to  more  standard  numer¬ 
ical  fluxes. 

Finally  we  consider  the  case  where  the  porous  medium  is  dis¬ 
continuous  at  a  discretization  point.  Then  the  flux  function  of 
the  conservation  law  is  discontinuous  with  respect  to  space  at 
that  point.  We  show  how  to  calculate  a  numerical  flux  based  on 
Godunov’s  flux  at  the  interface  between  rock  types  and  we  com¬ 
pare  it  numerically  to  the  upstream  upstream  mobility  flux 
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We  present  a  new  example  of  kinetic  formulation  for  a  hyper¬ 
bolic  system  of  conservation  laws,  which  is  a  simplified  model 
for  chromatography.  The  kinetic  formulation  consists  here  in 
writing  a  set  equations  for  a  whole  family  of  entropies  Namely, 
for  a  system  of  N  equations,  we  obtain  N  +  1  kinetic  represen¬ 
tations,  from  which  we  recover  the  invariant  regions  and  the 
stability  for  weakly  convergent  initial  data  by  a  compensated 
compactness  argument,  including  the  non-strictly  hyperbolic 
case 
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In  this  talk  we  will  discuss  a  cell  entropy  inequality  for  high 
order  discontinuous  Galerkin  method  in  general  triangulations 
for  the  square  entropy.  The  inequaln-  holds  with  or  without 
slope  limiters.  Since  similar  result  holds  for  finite  difference 
schemes  (those  evolving  one  piece  of  information  per  cell)  only 
under  much  more  restricted  cases  (one  dimension,  convex,  sec¬ 
ond  order,  strong  slope  limiter),  this  result  shows  a  theoretical 
advantage  and  potential  of  discontinuous  Galerkin  method  or 
similar  methods  evolving  not  just  one  piece  but  several  pieces 
of  information  per  cell. 


In  1928  Courant,  FViedrichs  and  Lewy  showed  a  necessary  con¬ 
dition  for  convergence  of  a  difference  scheme  for  solving  a  hy¬ 
perbolic  differential  equation.  This  condition  states  that  the 
numerical  domain  of  dependence  has  to  include  the  exact  do¬ 
main  of  dependence  Applying  this  argument  to  the  linear 
advection  equation,  where  the  exact  domain  of  dependence  is 
given  by  the  characteristic  line,  says  that  an  explicit  difference 
stencil  must  have  at  least  one  stencil  point  on  both  sides  of  the 
characteristic  line  trough  the  stencil  point  on  the  newest  time 
level.  In  1985  this  result  has  been  generalized  to  explicit  and 
implicit,  normalized,  two  time  level  difference  schemes  in  the 
form  that  a  stable  scheme  with  local  error  order  p  must  have  at 
least  f  £]  stencil  points  on  each  side  of  the  characteristic  line. 
It  is  conjectured  that  this  statement  is  correct  for  multistep 
difference  schemes.  In  the  present  paper  we  consider  in  partic¬ 
ular  three  time  level  schemes  and  can  show  the  correctness  of 
the  conjecture  in  certain  cases  while  in  others  we  give  strong 
evidence  which  support  the  conjecture- 


Implicit  Numerical  Schemes  for 
Hyperbolic  Conservation  Laws  with 
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We  are  concerned  with  the  underresolved  numerical  schemes 
for  hyperbolic  conservation  laws  with  stiff  relaxation  terms. 
Spurious  numerical  results,  some  of  them  have  not  been  re¬ 
ported  elsewhere,  are  observed  and  investigated  through  the 
correct  asymptotic  limit  analysis.  We  find  that  these  unphys¬ 
ical  results  are  caused  by  inappropriate  temporal  discretiza¬ 
tions,  thus  can  be  eliminated  with  improved  temporal  integra¬ 
tors.  A  second  order  splitting  method  is  developed,  which  has 
the  correct  asymptotic  limit  even  if  the  initial  layer  and  the 
small  relaxation  time  are  not  numerically  resolved. 
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The  systems  of  conservation  laws  have  been  used  to  model  dy¬ 
namical  phase  transitions  in,  for  example,  the  van  der  Waals 
fluid  and  the  propagating  phase  boundaries  in  solids.  When 
integrating  such  mixed  hyperbolic-elliptic  systems  the  Lax- 
Friedrichs  scheme  is  known  to  give  the  correct  solutions  se¬ 
lected  by  a  viscosity-capillarity  criterion  except  a  spike  at 
the  phase  boundary  which  does  not  go  away  even  with  a  re¬ 
fined  mesh.  We  identify  the  source  of  this  spike  as  an  in¬ 
consistency  between  the  Lax- Friedrichs  discretization  and  the 
viscosity-capillarity  equations,  and  show  a  simple  change  of 
variable  that  can  eliminate  this  spike.  We  then  implement  the 
relaxation  schemes  for  the  mixed  type  problems  that  select 
the  same  viscosity-capillarity  solutions  as  the  Lax- Friedrichs 
scheme  with  higher  resolutions  Furthermore,  a  flexibility  in 
the  relaxation  schemes  is  used  to  obtain  solutions  for  a  wide 
range  of  the  viscosity-capillarity  equations. 


Convergence  of  Approximate  Solutions  to 
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We  present  a  compactness  framework  theorem  for  the  conver¬ 
gence  of  approximate  solutions  to  general  2x2  systems  of  non- 
strictly  hyperbolic  conservation  laws.  These  systems  arise  in 
applications  in  multiphase  flows  in  porous  media,  magnetohy¬ 
drodynamics,  and  elasticity.  We  apply  this  framework  theo¬ 
rem  to  a  canonical  class  of  quadratic  2x2  systems  that  are 
nonstrictly  hyperbolic  at  isolated  points  in  the  state  space. 
We  prove  the  convergence  of  approximate  solutions  generated 
by  the  vanishing  viscosity  method,  the  Godunov  scheme,  and 
the  Lax  Friedrichs  scheme.  As  a  direct  consequence,  we  ob¬ 
tain  the  existence  of  global  weak  entropy  solutions  to  these 
systems  with  arbitrarily  large  initial  data  in  L°°.  Our  proof 
uses  compensated  compactness  and  involves  a  very  detailed 
and  complicated  analysis  of  the  wave  curve  geometry  and  the 
singularities  of  solutions  to  a  highly  singular  generalized  Euler- 
Poisson-Darboux  type  equation. 

We  will  also  discuss  some  preliminary  results  on  the  corre¬ 
sponding  initial  boundary  value  problem  for  these  nonstrictly 
hyperbolic  systems  as  well  as  for  general  strictly  hyperbolic 
systems.  In  particular,  we  are  interested  in  certain  nonlinear 
boundary  conditions  and  their  relationship  with  boundary  lay¬ 
ers  and  the  wefl-poeedness  of  the  problem. 
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The  interaction  of  shock  waves  with  bubble  inhomogeneities  is 
often  studied  as  a  model  to  elucidate  the  mechanism  of  vor- 
ticity/turbulence  generation  and  mixing  enhancement  The 
passage  of  the  shock  through  the  bubble  occurs  over  a  short 
time-scale  during  which  the  dynamics  is  dominated  by  complex 
shock  refraction,  diffraction  and  reflection  at  the  bubble  inter¬ 
face.  The  bubble  is  compressed  and  accelerated  and  its  shape 
is  substantially  deformed.  Shear  is  generated  at  the  bubble  in¬ 
terface  due  to  misalignment  between  the  incident  shock  front 
and  the  bubble  interface.  The  interface  becomes  unstable,  it 
continues  to  evolve  slowly  and  rolls-up  to  generate  a  pair  of 
vortex  lines  or  a  vortex  ring. 

A  numerical  method  that  we  have  developed  is  used  to  simu¬ 
late  shock/bubble  interactions.  The  multi  (in  this  case  two) 
component  flow  is  modelled  by  the  compressible  Euler  equa¬ 
tions  augmented  by  a  species  evolution  equations.  The  fluid 
components  are  assumed  ideal  gases  in  mechanical  equilibrium, 
occupying  the  same  space  with  complementary  concentrations 
The  pressure  is  computed  using  the  effective  ratio  of  specific 
heat  of  the  mixture.  The  main  features  of  the  method  are: 
(i)  a  primitive  (nonconservative)  discretization  scheme,  which 
automatically  maintains  pressure  equilibrium  among  the  gas 
components,  a  notorious  difficulty  with  conservative  discretiza¬ 
tions.  Viscous  correction  terms  control  conservation  errors;  (ii) 
a  parallel  adaptive  mesh  refinement  implementation,  an  ab¬ 
solute  necessity  as  brute  force  computations  are  not  a  viable 
option  for  this  type  of  simulations  (A  parallel  computation 
of  our  simulations  that  took  two  evenings  to  complete  on  a 
cluster  of  8  workstation  would  need  over  900  hours  to  run  on 
a  single  processor  of  a  CRAY  Y-MP,  without  adaption);  and 
(iii)  schlieren-type  flow  visualization  images,  instrumental  in 
elucidating  the  subtleties  of  the  phenomena  involved. 

We  used  our  scheme  to  reproduce  two  experiments  of  a  shock 
wave  in  air  interacting  with  a  light  (Helium)  and  a  heavy 
(Refrigerant  22)  cylindrical  bubbles,  reported  by  Haas  and 
Sturtevant  (J.  Fluid  Mech  .  1987).  The  speed  of  sound  in 
Helium/R22  is  higher/lower  than  in  air,  thus  the  two  se¬ 
tups  yield  very  different  evolutionary  patterns.  The  exper¬ 
iments/simulations  concentrate  on  the  early  part  of  the  in¬ 
teraction,  which  is  dominated  by  repeated  refractions  and  re¬ 
flections  of  acoustic  fronts  at  the  bubble  interface.  Detailed 
comparison  of  computational  results  with  experimental  shad¬ 
owgraph  images  shows  remarkable  qualitative  and  quantita¬ 
tive  (within  4%-5%  in  velocity  measurements)  agreement.  The 
simulations  faithfully  reproduce  the  intricate  geometry  of  the 
wavefronts  and  volume  deformations,  and  may  serve  to  explain 
the  complicated  interactions  (transition  from  regular  to  irreg¬ 
ular  refraction,  cusp  formation  and  focusing,  folding  processes, 
multi-shock  and  Mach  shock  structures,  jet  formation  etc  ), 
and  possibly  shed  light  on  other  subtle  flow  features  that  are 
either  hard  to  measure  or  less  well  understood. 

“Supported  in  part  by  an  NSF  Postdoctoral  Fellowship, 
NSF  grant  #DMS92  03768,  ONR  grant  #N00014-92-J- 
1245  and  a  Packard  Fellowship  to  Leslie  Greengard 
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A  hybrid  spectral  element/Flux-Corrected  Transport  method 
was  used  successfully  in  (1]  to  circumvent  the  problem  of  Gibbs 
phenomena  in  the  numerical  simulation  of  problems  with  dis¬ 
continuities  using  spectral  methods  ([2]).  Here  we  report  on 
its  extension  to  the  two-dimensional  Navior-Stokes  equations. 
The  equations  are  cast  in  conservation  form  and  solved  in  time 
via  a  fractional  step  procedure,  splitting  the  inviscid  from  the 
viscous  part.  In  that  frame,  the  underlying  Gibbs  phenomena 
acquire  a  new  importance,  in  view  of  the  higher-derivatives 
needed  to  form  the  viscous  fluxes,  in  the  presence  of  disconti¬ 
nuities  (i.e.,  shocks).  We  propose  a  nevel  technique  consisting 
of  the  use  of  viscous  flux  limiting  (Flux-Corrected-Diffusion), 
based  on  a  physical  argument  along  the  lines  of  FCT.  The  re¬ 
sult  is  a  simple,  transparent  scheme  unifying  the  treatment 
of  both  the  hyperbolic  and  the  parabolic  part  of  the  Navier- 
Stokes  operator  under  one  formulation.  The  usefulness  of  the 
Anal  algorithm  is  enhanced  by  its  multi-domain  nature,  per¬ 
mitting  consideration  of  flows  in  complex  geometries.  Results 
are  presented  for  2-D  subsonic  and  supersonic  Flow  over  a 
bluff  body  ([3)),  which  bring  out  important  physical  informa¬ 
tion.  Although  the  numerical  results  concern  exclusively  fluid- 
dynamical  problems,  the  proposed  treatment  is  applicable  to 
all  problems  where  a  hyperbolic  and  a  parabolic  operator  co¬ 
exist  and  in  which  physical  arguments  of  conservation  apply 

(M) 
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An  extension  is  proposed  of  the  Lp-theory  of  pseudodifferential 
operators  obtained  by  integration  of  a  multi- parameter  family 
of  oscillating  symbols.  While  the  classical  continuity  of  the 
arising  operators  in  Sobolev-  and  Lebesgue-type  spaces  holds, 
the  construction  is  distinguished  from  the  standard  theory  by 
the  properties  of  anisotropic  smoothing  and  of  the  controlled 
expansion  of  a  singular  support  of  a  function  (distribution) 
under  the  action  of  these  operators. 

The  corresponding  symbolic  calculus  includes  an  appropriate 
asymptotic  expansion  formula,  a  correctly  defined  symbolic 
composition,  as  well  as  the  invariance  under  linear  transforma¬ 
tions.  These  properties  are  applied  to  the  invertibility  problem 
for  a  certain  class  of  hyperbolic  operators  as  illustrated  in  the 
two  dimensional  case  by  the  following. 

Thborsm.  Let  P  ■  S'(RN )  —  S’  (RN),  N  =  2,  be  a 
hyperbolic  operator 

(P u)(x,y)  S  uxx  -  Uj,v  +  ai  u*  +  a2  uv  +  a0  u, 

with  real-valued  coefficients  a,  (x,y)  €  C°°(RN)  (1  S'(RN ) 
satisfying 

inf  (ai(r,y)  ±  a2(x,  y))/(l  +  l(*.y)l)r  >  0 
x.y 

for  some  r  <  1.  Then: 

(I)  u  6  L[ x(RN)  whenever  Pu  £  Lpcomp(RN), 

(ii)  u  6  C°°(RN)  whenever  Pu  6  C°°(RN), 

(ill)  P  is  invertible  modulo  OPS~°°(RN). 

The  upper  value  for  r  is  final  in  the  sense  that  if  the  condition 
r  <  1  were  replaced  by  r  <  1  +  t  with  *  >  0  then  none 
of  the  three  conclusions  above  would  have  been  true. 

This  construction  of  parametnx  is  an  extension  of  ideas  in  [1] 
that  leads  to  the  solution  of  an  open  problem  in  [2,  §2.2]  quoted 
in  the  title  of  [1]. 

[1]  N.M. Kasumov,  "Calderon-Zygmund  Theory  for  Kernels 

With  Non-Point  Sets  of  Singularities,”  Matematich 
Sbomik,  vol.  183,  pp.  89-106,  1992. 

[2]  E  M.  Stein,  Singular  Integrals  and  Differentiability  Prop¬ 

erties  of  Functions,  Princeton  Univ.  Press.  1970. 
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When  Riemann  problems  for  conservation  law  systems  in  two 
space  dimensions  are  written  in  self-similar  coordinates,  the 
resulting  problem  takes  the  form  of  a  boundary-value  problem 
for  a  conservation  law  system  which  changes  type.  This  system 
has  some  novel  features,  but  some  reduced  one-dimensional 
Riemann  problems  arise  which  can  be  solved.  Furthermore, 
m  some  cases  we  have  been  able  to  solve  the  full  mixed-type 
boundary-value  problem.  The  solutions  obtained  have  some 
interesting  singularities.  Potential  applications  to  quasisteady 
shock  reflection  by  a  wedge  will  be  discussed. 
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Modern  high  resolution  shock  capturing  methods  allow  the  ac¬ 
curate  and  robust  numerical  simulation  of  fully  compressible 
fluid  flow.  Unfortunately,  these  schemes  become  inefficient  and 
inaccurate  in  the  low  Mach  number  regime  for  two  reasons 
First,  due  to  the  Courant-Fnedrichs-Levy  time  step  restriction 
the  number  of  time  steps  needed  to  simulate  a  nontrivial  flow 
evolution  increases  as  l/M,  where  M  <  1  is  a  characteris¬ 
tic  flow  Mach  number.  Secondly,  there  is  a  stringent  dynamic 
range  problem,  because  pressure  fluctuations  of  order  OtM ) 
and  0(Af2)  must  accurately  be  resolved,  if  the  propagation  of 
weak  acoustic  waves  as  well  as  the  limiting  incompressibility 
constraint  are  to  be  represented  appropriately. 

A  tingle  time,  multiple  space  scale  asymptotic  analysis  yields 
detailed  insight  into  the  solution  structure  for  the  Euler  equa¬ 
tions  as  the  Mach  number  vanishes.  The  analysis,  in  particu¬ 
lar,  suggests  a  new  two-term  flux  decomposition  of  the  Euler 
equations.  The  first  of  the  resulting  sub-systems  represents 
the  advection  of  mass  and  momentum,  while  the  second  sys¬ 
tem  simultaneously  describes  a  possible  global  compression  in 
confined  flows,  long-wave  acoustic  wave  propagation  and  the 
divergence  constraint  in  the  zero  Mach  number  limit. 
Motivated  by  this  analysis,  we  suggest  in  this  paper  a  general 
semi-implicit  extension  of  modem  high  resolution  schemes  for 
the  low  Mach  number  regime.  By  using  an  operator  splitting 
technique  for  the  above  mentioned  sub-systems,  we  obtain  a 
class  of  flow  solvers  that  incorporate  the  capabilities  of  both 
the  underlying  shock  capturing  methods  for  fully  compressible 
flows  and  a  semi-implicit  algorithm  for  low  Mach  numbers  with 
a  purely  convection  dominated  time  step. 

An  important  aspect  of  this  approach  is  the  introduction  of 
multiple  pressure  variables  according  to  an  asymptotic  expan¬ 
sion  p  =  p(°)  +  M  +  A/2  p(sL  This  decomposi¬ 
tion  allows  us  to  pass  to  the  limit  of  zero  Mach  number,  i.e 
to  incompressible  flows,  without  changing  the  structure  of  the 
numerical  scheme.  In  this  limit  the  single  :  alar  implicit  equa¬ 
tion  that  is  to  be  solved  in  the  second  split  step  reduces  to 
a  standard  Poisson  type  pressure  correction  equation  known 
from  incompressible  flow  solvers. 

We  discuss  implementations  for  several  modern  high  resolu¬ 
tion  schemes  and  demonstrate  the  performance  of  the  semi- 
implicit  versions  through  solutions  of  various  test  problems. 
These  include  weakly  nonlinear  acoustic  effects  at  Mach  num¬ 
bers  M  s  O(10-a  -  10-1)  as  well  as  the  advection  of  large 
amplitude  density  fluctuations  at  Mach  numbers  as  small  as 
M  =  10~4. 
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We  consider  the  Cauchy  problem  for  a  model  of  one-dimen- 
sional  gas  flow  with  variable  duct  area 


Pt  +  l.pu)i 


(P«)r  +  (p«2+p(p))i  = 


We  also  consider  the  related  system: 


(*p)t  + 


ds)x  =  0, 


where  p  is  density,  u  velocity,  p  =  p(p)  is  pressure,  and  a 
is  a  function  of  the  space  variable  x.  Systems  (1)  and  (2) 
are  of  interest  because  resonance  occurs.  T.  P.  Liu  was  the 
first  to  study  the  Cauchy  problem  for  these  systems  by  using 
Glimm's  random  choice  method  [2],  [3].  Recently  in  [1],  Isaac¬ 
son  and  Temple  solved  the  Riemann  problem  for  a  general  in¬ 
homogeneous  system.  Our  interest  in  studying  this  resonant 
problem  is  motivated  by  their  papers.  Using  the  method  of 
compensated  compactness,  global  existence  of  weak  solutions 
to  these  systems  of  two  conservations  laws  is  shown.  This 
is  achieved  through  constructing  entropy-entropy  flux  pairs  of 
Lax  type  and  using  estimates  from  singular  perturbation  the¬ 
ory  for  ODE's. 

{X]  E.  Isaacson  and  B.  Temple,  “Nonlinear  Resonance  in  Sys¬ 
tems  of  Conservation  Laws,”  SIAM  J.  Appl  Math.,  vol. 
52,  1991. 

[2]  T.  P.  Liu,  “Quaailinear  Hyperbolic  Systems,”  Common. 
Math.  Phys.,  vol.  68,  1979. 

{3]  T.  P.  Liu,  “Resonance  for  a  Quaailinear  Hyperbolic  Equa¬ 
tion,”  J.  Math.  Phys.,  vol.  28,  1987. 
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When  computing  numerical  solutions  of  hyperbolic  conserva¬ 
tion  laws  with  source  terms,  one  may  obtain  spurious  solutions 

-  solutions  which  seem  to  be  correct  but  which  are  totally 
unphysical  such  as  shock  waves  moving  with  wrong  speeds 
Therefore  it  is  important  to  know  how  errors  of  the  shock  lo¬ 
cation  can  be  estimated  [1],  [2). 

For  our  theoretical  analysis  we  investigate  a  scalar  Riemann 
problem.  We  compute  its  solution  using  a  splitting  method 
This  means  that  in  each  time  step  the  homogeneous  conserva¬ 
tion  law  and  an  ODE  (modeling  the  source  term)  are  solved 
separately.  We  show  that  the  local  error  of  the  shock  location 
can  be  considered  to  consist  of  two  parts 

-  one  part  that  is  introduced  by  the  splitting 

-  and  another  that  occurs  because  of  smeared  shock  profiles 
By  means  of  numerical  examples  we  test  how  far  these  error- 
estimates  can  be  used  to  adapt  the  step  size  so  that  the  error 
of  the  shock  location  remains  sufficiently  small.  The  numerical 
examples  include  one-dimensional  systems. 

[1]  R.J.  LeVeque  and  H.C.  Yee,  "A  Study  of  Numerical  Meth¬ 

ods  for  Hyperbolic  Conservation  Laws  with  Stiff  Source 
Terms,”  J.  Comput.  Phys.,  vol.  86,  pp.  187-210,  1990 

[2]  P.  Colella,  A.  Majda  and  V.  Roytburd,  “Theoretical  and 

Numerical  Structure  for  Reacting  Shock  Waves,”  SIAM 
J.  Set.  Stat.  Comput.,  vol.  4,  pp.  1059-1080,  1986. 
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An  extension  of  Accuracy  Optimized  Methods  (AOMs)  will  be 
presented  for  stiffly  forced  conservation  laws  of  the  form 

ut  +  /(u)x  =  (1) 
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Numerical  methods  that  treat  the  convective  and  forcing  terms 
separately  fail  when  the  forcing  term  becomes  stiff;  i  e  ,  when 
At  01  becomes  large  where  At  is  the  time  increment  in  the 
numerical  scheme.  One  place  where  this  failure  shows  up  is  in 
the  transport  of  shocks  at  incorrect  speeds 
The  direct  application  of  AOMs  to  the  stiffly  forced  conserva¬ 
tion  law  (1)  produces  differences  related  to  the  integrated  con¬ 
servation  laws  associated  with  the  original  conservation  law. 
For  example,  with  /(u)  linear  (e  g  ,  f(u)  =  au)  differences  of 
the  form 


AS 


n 

3 


appear  for  the  integrated  conservation  laws 

V>t  +  v'l'x  =  W'  =  8 
9t  +  aix  s»t‘  =  1 
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A  general  theory  which  can  be  u*ed  to  derive  bounds  on  so* 
lutiont  to  the  Navier-Stokes  equations  is  presented.  The  be¬ 
haviour  of  the  resolvent  of  the  linear  operator  in  the  unstable 
half-plane  is  used  to  bound  the  energy  growth  of  the  full  non¬ 
linear  problem.  Plane  Couette  flow  is  used  as  an  example 
The  norm  of  the  resolvent  in  plane  Couette  flow  in  the  un¬ 
stable  half-plane  is  proportional  to  the  square  of  the  Reynolds 
number  (A).  This  is  used  to  predict  the  asymptotic  behaviour 
of  the  threshold  amplitude  below  which  all  disturbances  even¬ 
tually  decay.  A  lower  bound  is  found  to  be  A-21/4  Numerical 
examples,  which  give  an  upper  bound  on  the  threshold  curve, 
predict  A-1.  The  discrepancy  is  discussed  in  the  light  of  a 
model  problem. 


The  result  is  that  approximate  values  of  the  unknowns  in  the 
functionally  related  stiffly  forced  conservation  laws  automat¬ 
ically  appear.  These  conservation  laws  may  be  treated  with 
AOMs  in  the  same  way  the  original  conservation  law  is  treated. 
This  suggests  the  iterated  application  of  the  AOM  framework 
to  functionally  related  conservation  law.  The  AOM  framework 
allows  control  of  the  approximated  variable  in  each  conserva¬ 
tion  law  through  the  imposition  of  constraints  in  an  optimiza¬ 
tion  problem.  Thus  approximations  of  the  successive  variables, 
u,  d>,  dull' ,  can  be  controlled  by  imposing  constraints  on  each 
of  the  conservation  laws  individually.  This  allows  control  of 
the  stiffness  parameter  Ati/i'  in  the  original  conservation  law. 
Computational  results  will  be  presented  to  verify  the  results 
presented. 
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A  class  of  high- resolution  algorithms  for  multidimensional  con¬ 
servation  laws  will  be  described  These  methods  are  based 
on  solving  Riemann  problems  and  propagating  the  resulting 
waves  in  a  multidimensional  manner  This  approach  has  sev¬ 
eral  advantages  in  terms  of  its  similarity  to  one-dimensional 
algorithms,  simplicity  of  implementation,  and  ease  of  handling 
boundary  conditions  It  also  adapts  easily  to  front  tracking 
methods  Algorithms  of  this  form  have  been  developed  for  ad- 
vection  in  an  arbitrary  incompressible  flow,  wave  equations, 
and  the  Euler  equations  of  gas  dynamics  Extension  from  two 
dimensions  to  three  dimensions  is  also  very  easy  Several  dif¬ 
ferent  applications  will  be  discussed 

“Supported  in  part  by  NSF  grants  DMS-8657319,  DMS- 
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Presented  by  X.  L.  Li 

In  this  presentation,  we  will  describe  our  numerical  simulation 
of  3D  Rayleigh- Taylor  instability  using  a  second  order  finite 
difference  scheme  with  artificial  compression  This  numerical 
scheme  is  similar  to  the  TVD  scheme  but  gives  higher  reso¬ 
lution  on  contact  discontinuities.  The  numerical  solutions  are 
compared  to  the  exact  3D  solution  in  the  linear  regime,  the 
numerical  solution  using  the  TVD  scheme  and  the  solution  us¬ 
ing  a  front  tracking  method.  The  computational  program  is 
parallelized  for  simulation  on  Intel/iPSC-860  and  using  PVM 
on  a  SUN  cluster.  We  will  present  our  results  of  3D  simulation 
on  single  bubble  evolution,  bubble  merger  and  chaotic  mixing 
in  Rayleigh-Taylor  instability. 
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Conservation  Laws  for 
Two- Layer  Flows  of  Mixible  Fluids 


A  Two-dimensional  Riemann  Solver  for 
Hydro-Elastic-Plastic  Materials 


V.  Yu.  Liapidevskii 
Lavrentyev  Institute  of  Hydrodynamics 
Novosibirsk,  630090,  Russia 

Th«  Cauchy  problem  correctneee  for  nonlinear  equations  of 
continuum  mechanics  is  as  yet  not  adequately  investigated ,  es¬ 
pecially  for  systems  of  mixed  type  For  some  equations  describ¬ 
ing  unsteady  flows  it  is  possible  that  an  initially  hyperbolic 
system  becomes  an  elliptic  one  on  a  time-dependent  solution 
To  understand  physical  processes  preventing  such  situations  in 
real  flows  a  mixed-type  system  may  be  considered  as  an  equi¬ 
librium  one  for  a  more  complicated  model. 

For  two-layer  flows  a  hierarchy  of  mathematical  models  taking 
into  account  mixing  and  generation  of  short  waves  at  the  in¬ 
terfaces  is  developed.  An  intermediate  mixing  layer  is  taken 
in  the  model  as  the  third  layer.  A  three-layer  flow  scheme  is 
preferable  to  a  two-layer  one  since  mass,  momentum  and  energy 
are  conserved  in  the  flow  and  the  governing  equations  consist 
of  conservation  laws.  Therefore,  the  well-known  contradiction 
connected  with  the  proper  choice  of  conservation  laws  in  the 
multilayer  shallow  water  theory  may  be  overcome,  and  internal 
hydraulic  jumps  are  uniquely  determined. 

It  is  shown  that  the  mathematical  model  containing  no  em¬ 
pirical  constants  represents  the  main  peculiarities  of  entrain¬ 
ment  and  downstream  control  in  mixing  layers  and  buoyant 
jets.  In  particular,  the  model  explains  an  essential  difference 
in  the  entrainment  rate  for  subcritical  and  supercritical  flows. 
This  phenomenon  is  directly  related  to  the  fact  that  equilib¬ 
rium  conditions  for  a  turbulent  mixing  layer  can  be  fulfilled 
only  for  subcritical  flows  where  the  equilibrium  system  is  hy¬ 
perbolic.  These  models  are  used  also  to  describe  the  mixing 
and  blocking  effects  in  two-layer  flow  over  an  obstacle.  Some 
applications  to  geophysical  processes  are  given. 


X.  Lin  “  and  J  Ballmann 

Lehr -  und  Forschungsyebiet  fur  Sfechanik 
RWTH  Aachen 
Templergraben  of 
D-52062  Aachen  Germany 

Presented  by  X.  Lin 

It  was  shown  in  [1]  that  in  the  numerical  modeling  of  stress 
wave  propagation  in  two-dimensional  solids  a  cutting  trace 
will  be  produced  violating  the  results  if  the  dimensional  split¬ 
ting  technique  is  applied  Therefore,  a  two-dimensional  Rie- 
mann  problem  should  be  considered  in  the  numerical  com¬ 
putation.  This  paper  will  present  a  method  dealing  with  a 
two-dimensional  Riemann  problem  for  high  velocity  impacts 
of  hydro-elastic-plastic  matenals.  which  behave  under  strong 
stress  conditions  as  compressible  fluids  in  the  volume  change 
and  obey  the  von  Mises  plastic  yield  law  in  the  shape  changes 
The  numerical  scheme  for  the  treatment  of  stress  waves  in  such 
materials  is  divided  into  two  steps  including  the  flux  calcula¬ 
tion  with  the  proposed  two-dimensional  Riemann  solver  and 
the  function  updating.  Finally,  results  of  the  successful  appli¬ 
cation  of  the  scheme  to  the  shear  banding  problem  are  pre¬ 
sented. 

[1]  X  Lin  and  J  Ballmann,  “Numerical  Method  for  Elas¬ 
tic  Waves  in  Cracked  Solids  Part  1  Anti- Plane  Shear 
Problems,”  Arch.  Appl.  Mech  .  vol  63,  pp.  261-282, 
1993. 

a  Supported  by  the  Deutsche  Forschungsgemeinschaft 
under  Grant  No.  Ba  661/12-1. 
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Some  Critical  Phenomena  for 
Quasilinear  Hyperbolic- Parabolic  Systems 

Tai-Ping  Liu 

Department  of  Mathematics 
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Stanford  University 
Stanford,  CA  9*305-2125 

We  plan  to  survey  recent  progress  on  singular  behaviors  of 
nonlinear  waves  for  quasilinear  hyperbolic-parabolic  systems 
These  behaviors  are  due  either  to  partial  dissipations,  nonstrict 
hyperbolicity,  boundary  or  other  effects.  Specific  physical  ex¬ 
amples  will  be  illustrated. 


Uniform  Third  Order 
Entropy  Convergent  Scheme 
for  Convex  Scalar  Conservation  Laws 

Xu- Dong  Liu 

Courant  Institute  of  Mathematical  S‘  ien‘  e* 

Neu i  York  University 
251  Mercer  Street 
New  York,  NY  10012 

An  entropy  condition  and  a  total  variation  boundedness  (TV'B ) 
of  solutions  of  convex,  scalar  conservation  laws  are  enforced 
by  a  One-Sided  Lipschitz  Condition  (OSLC).  which  physical 
solutions  satisfy  The  first  order  Godunov  and  Lax- Friedrichs 
schemes,  and  the  second  order  scheme  in  [I]  are  consistent  with 
this  OSLC.  Hence  they  are  entropy  convergent  schemes  A 
uniform  3rd  order  accurate  scheme  is  introduced  here,  which  is 
consistent  with  the  OSLC,  and  hence  is  an  entropy  convergent 
scheme.  Numerical  experiments  on  systems  of  conservation 
laws  were  implemented,  and  excellent  results  obtained 

(l]  Y.  Brenier  and  S.  Osher.  “The  Discrete  One-Sided  Lips- 
chitz  Condition  for  Convex  Scalar  Conservation  Laws.  ’ 
SIAM  J.  Num.  Anal,  vol  25,  pp  8-23,  1988 
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Multidimensional  Hyperbolic  Systems  with 
Degenerate  Characteristic  Structure 

Milton  Lopes- Filho 

IMECC-USICAMP 
Cx  Postal  6065 
Campinas,  SP  13061-970 
Brazil 

We  introduce  a  clue  of  2  x  2  quasilinear  hyperbolic  systems, 
which  we  call  partially  aligned,  whose  characteristic  structure 
degenerates  into  a  pair  of  curves  through  every  point  We  re¬ 
mark  on  some  of  their  basic  properties  and  discuss  shock  for¬ 
mation  for  a  subclass  of  these  systems,  both  analytically  and 
numerically 


On  a  System  of  Nonstrictiy  Hyperbolic 
Partial  Differential  Equations 

Peizhu  Luo  and  Xiaxi  Ding 

Institute  of  Applied  Mathematics 
Academia  Simca 
China 

Presented  bv  Peizhu  Luo 

In  [l]  we  studied  the  Cauchy  problem  of  the  system 

“l  +(u2)x  =0 

vt  +  ill t  )j  =0 


with  special  initial  conditions 

In  the  present  paper  we  investigate  the  general  Cauchy  problt m 
of  the  system 


f  u,  +  (u2)*  =  0 

\  Vt  +  A(uti)j  =  0 


A  >  0 


Instead  of  considering  (2)  we  consider  the  nonconservative 


tern 


/  U, +  (u2)x  =0 

\  u/t  +  Auuix  =  0 


A  >  0 


sys- 


(3) 


where  ui(r,t)  is  the  potential  of  v,  i.e  , 


rU.t) 

w(r,  t )  =  <£  vdt~\uvdx, 

0.0) 

wx  =  v,wt  =  —A  tit; 

We  consider  the  solution  of  (3)  as  the  limit  of  the  solutions  of 
the  viscosity  system 


{ 


uf  +  u'uj 
ui,  +  u‘«»; 


and  satisfying  the  integral  identity 


(4) 


a 
nr 


(uifit  +  —  ypx)dxdt  =  0, 


(Vt  +  uVi)dui(r.  t)dt  =  0, 


(5) 


(6) 


where  V(r,0  €  Cg°(/i^),  and  the  integral  (6)  is  un¬ 

derstood  in  the  sense  of  Lebesgue-Stieltjes  integral. 

As  an  application  we  can  easily  solve  the  Riemann  problem 
of  the  system  (2)  in  explicit  form  which  in  general  involves 
{-functions.  This  gives  supplement  to  [2],  [3]. 


[1]  P.  Lou  and  Z.  Ding,  “The  Initial  Value  Problem  of  a  System 
of  Conservation  Laws,”  Acta  Math.  Sctentia,  vol.  13, 
pp.  111-120,  1993. 

{2]  A.  Forestier  and  P.  Le  Floch,  “Multivalued  Solutions  of 
Some  Nonlinear  and  Nonstrictiy  Hyperbolic  Systems,” 
Internal  Report  No.  212„  CMAP,  Ecole  Polytechnique, 
Palaiseau,  France,  1989. 

[3]  D.  Tan,  T.  Zhang,  and  Y.  Zheng,  “Delta-Shock  Waves  as 
Limits  of  Vanishing  Viscosity  for  Hyperbolic  Systems  of 
Conservation  Laws,”  to  appear. 
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Presented  by  Pierangelo  Marcati 


We  ttudy  the  initial  boundary  value  problem 

N  -  1 

fit  +  upr  +  PUr  +  - p  =  0, 

r 

p(u,  +  uur)  +  (a2  o)r  =  0  (1  <  r). 


We  investigate  the  relaxation  problem  for  the  hydrodynamic 
isentropic  Euler-Poisaon  system,  when  the  momentum  relax¬ 
ation  time  tends  to  zero  Very  sharp  estimates  on  the  solutions, 
independent  of  the  relaxation  time,  are  obtained  to  establish 
the  compactness  framework 
Namely  we  consider  the  ID  system: 


“|r«l  =0.  P|t=o  =  P°(r).  “|t.O  =  “V) 

Here  S  >  1  is  the  spatial  dimension.  By  transforming  the 
problem  to  the  Lagrangian  coordinates,  we  apply  the  method 
by  Glimm  and  Nashida  for  N  =  1.  The  initial  condition  are 
supposed  to  satisfy 


n,  +jx 


0 

nE  -  j/r 


n  -  »( r) 


«0/(l  +  *)1-*  <  «o  <  C0,  |u0|,  T.V.uo,  T.V.vo  <  C0, 

where  0  <  t  <  l  and 


N-I 


dr  and  u  =  1/pr 


Since  inf  v<,  =  0,  the  C-F-L  condition  cannot  be  satisfied  for  the 
usual  uniform  mesh.  We  present  a  non-uniform  mesh  method. 


for  all  (*,t)  6  S  =  R  x  [0  ,  oo),  r  >  0:  where  n  is 

the  electron  density,  j  is  the  electron  current  density,  £  the 
(negative)  electric  field  and  1  6  i1  is  the  density  of  the  fixed 
(positively  charged)  back-ground  ions.  The  pressure-density 
relation  is  given  by  p(n)  =  k  n7,  l  <  7  <  5/3  All  the 
physical  constants  are  normalized  to  1 . 

We  introduce  the  scaled  variables:  •V’  (r,  s)  =  n  (  x  .  *), 
3T  (*.»)  =  f  j  (  *  .  f),  and  £T  (*,*)  =  £  (  z  ,  ±) 
We  prove,  as  r  tends  to  zero,  AT*"  converges  to  a  density  profile 
#),  strongly  in  ^OC-  '  <  +00,  J*  converges  weakly  in 
f,^oc  to  a  current  profile  J ,  and  £T  converges  uniformly  on 
compact  sets  to  a  limit  electric  field  £.  Moreover  the  limit 
profiles  (V,  £)  satisfy  the  classical  drift-diffusion  equation: 


Afy  +  (-VF  -  p(A0x)x  =  £X=M-  b(x) 

and  the  limit  current  is  recovered  from  the  usual  current  rela¬ 
tion  J  ss  Af  £  -  p(  V)x 

In  order  to  deal  with  weak  solutions,  we  perform  our  limiting 
process  using  the  methods  of  compensated  compactness  follow¬ 
ing  [1]  and  [2],  where  a  similar  analysis  was  provided  for  the 
porous  media  flow  and  the  nonlinear  heat  conduction. 

The  Cauchy  problem  was  investigated  by  using  the  classical 
fractional  step  Lax-Friedrichs  and  Godonov  schemes  in  [4], 
The  “a  priori”  L°°  and  energy  estimates  were  not  uniform  with 
respect  to  the  relaxation  time  r.  Therefore  to  overcome  such 
a  difficulty  we  introduced  in  [5]  a  new  version  of  the  fractional 
step  method  which  provides  the  required  bounds.  Connections 
with  the  Von  Neumann  pseudo-viscosity  are  also  investigated 
in  (3J. 
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Presented  by  Dan  Marchesin 

We  report  progress  in  understanding  Che  dynamic*  of  multiple 
asymptotic  solutions  for  certain  Cauchy  problem*  of  parabolic 
systems  associated  with  pairs  of  conservation  laws  in  one  spa¬ 
tial  dimension.  The  initial  data  we  consider  are  continuous 
interpolations  between  left  and  right  state*  for  which  the  Rie- 
mann  problem  has  multiple  solutions,  all  shock  waves  in  these 
solutions  satisfy  the  viscous  profile  admissibility  criterion  The 
presence  of  non-classical  “transitional”  shock  waves  seems  to 
play  an  important  role  in  the  existence  of  multiple  stable  Rie- 
mann  solutions. 

“Research  supported  by  FINEP. 

6 Research  supported  by  CNPq,  FINEP,  NSF.  and  the 
U.S.  Department  of  Energy. 

c  Research  supported  by  NSF,  ARO  and  the  U.S.  De¬ 
partment  of  Energy. 

d Research  supported  by  an  NSF  Postdoctoral  Fellow¬ 
ship  and  the  ONR  Young  Investigator  Program. 
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Entropy  Corrections  in 
Numerical  Simulations  of  an  Ideal  Gas 
with  the  Euler  Equations 

Antonio  Marquina  “  4 
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E-46IOO  Burjassot  (  Valencia),  Spain 

In  this  work  some  prescriptions  are  presented  and  discussed  in 
order  to  correct  entropy  in  numerical  simulations  of  an  ideal 
gas.  modeled  with  the  Euler  equations  in  situations  where  en¬ 
tropy  is  violated  In  particular,  we  analyze  the  classical  pre¬ 
scriptions  proposed  by  ColeJla  and  Woodward  near  the  corner 
in  the  numerical  approximation  *■*>  the  classical  Mach  3  wind 
tunnel  with  a  step  flow. 

“This  work  w as  made  in  collaboration  with  Rosa  Donat 
(University  of  Valencia). 

6This  work  has  been  supported  by  Spanish  DGCYT 
(grant  PS90-0265),  in  part  by  a  Grant  from  the  I.V.E.I. 
and  computer  time  supported  in  part  by  ARPA  URI  Grant 
ONR-N00014-92-J-18S0. 
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Relativistic  hydrodynamics  plays  an  important  role  in  differ¬ 
ent  fields  of  Physics,  as  Astrophysics,  Cosmology  or  Nuclear 
Physics  In  Astrophysics,  the  stanuard  model  of  extragaiactic 
jets  assumes  an  ultrarelativistic  bulk  velocity  of  the  plasma 
involved  to  account  for  the  apparent  superluminal  motions 
measured  in  large- baseline  interferometric  radio  observations 
of  many  active  galactic  nuclei  Analogously,  the  description 
of  heavy-ion  reactions  within  the  hydrodynamic  model  also  re¬ 
quires  ultrarelativistic  speeds  to  simulate  the  high-energy  ton 
beams. 

The  pioneering  ideas  of  Wilson  and  coworkers,  developed  dur¬ 
ing  the  70’s,  in  extending  classical  artificial- viscosity  finite- 
difference  methods  to  RHD  proved  to  be  very  successful  in  the 
simulation  of  mildly  relativistic  flows  However,  situations  as 
those  mentioned  above,  are  triggering  the  development  of  new 
techniques  able  to  overcome  the  modelling  of  ultrarelativistic 
flows.  In  this  direction,  relativistic  codes  based  on  Godunov- 
type  methods  an  approximate  relativistic  Riemann  solvers  are 
getting  the  most  encouraging  results. 

fn  this  talk,  we  are  going  to  report  on  the  extension  co  RHD 
of  the  Piecewise  Parabolic  Method  (PPM)  of  Colella  and 
Woodward,  used  extensively  in  classical  (Newtonian)  simula¬ 
tions.  PPM  is  a  well-known  high-order  extension  of  Godunov's 
method.  Besides  the  use  of  an  exact  Riemann  solver,  the 
key  ingredients  responsible  of  the  accuracy  of  PPM  are  the 
parabolic  interpolation  of  variables  inside  numerical  cells  and 
the  monotonicity  constraints  and  discontinuity  detectors  that 
keep  discontinuities  sharp.  Finally,  the  use  of  states  averaged 
in  the  domain  of  dependence  of  the  interfaces  makes  PPM  sec¬ 
ond  order  accurate  in  time.  We  are  going  to  present  a  l-D 
relativistic  version  of  PPM  in  which  all  the  above  mentioned 
ingredients  have  been  properly  generalized  In  particular  we 
would  like  to  point  out  the  use  of  an  exact  relativistic  Rie¬ 
mann  solver  recently  developed  by  the  authors 
Detailed  results  in  several  tests,  including  the  relativistic  ver¬ 
sion  of  the  interaction  of  two  relativistic  blast  waves,  are 
shown.  Comparison  with  Godunov's  method  allows  to  con¬ 
clude  that  the  main  features  of  PPM  art.  retained  in  our  rela¬ 
tivistic  version. 

Finally,  first  results  on  relativistic  jet  simulations  with  a  multi¬ 
dimensional  relativistic  version  using  PPM  reconstruction  are 
presented. 
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It  is  known  that  a  numerical  shock  width  in  one  dimension  can 
lead  to  a  localized  entropy  error  when  waves  interact.  The  er¬ 
ror  does  not  dissipate  in  time  and  its  L°°  norm  does  not  vanish 
under  mesh  refinement  In  two  dimensions  the  physical  wave 
width  can  affect  its  propagation.  An  example  occurs  for  deto¬ 
nation  waves  and  is  known  as  the  diameter  effect  The  effect 
is  due  to  reaction  zone  dynamics;  the  competition  between  a 
source  term  for  the  release  of  chemical  energy  and  a  geometric 
source  term  due  to  front  curvature.  When  the  reaction  zone 
is  underresolved,  the  effective  reaction  zone  dynamics  leads  to 
mesh  dependent  numerical  results.  The  mesh  dependence  is 
due  to  an  artificial  numerical  curvature  effect.  An  explanation 
of  this  effect  is  given  based  on  the  conservation  laws.  Because 
of  the  non-zero  wave  width,  the  standard  Hugoniot  jump  con¬ 
ditions  must  be  modified.  Correction  terms  are  proportional 
to  the  wave  width.  It  follows  when  the  width  is  proportional 
to  the  cell  size,  as  occurs  in  shock  capturing  schemes,  that  the 
curvature  effect  is  mesh  dependent.  A  similar  modification  of 
the  jump  conditions  can  be  expected  whenever  there  are  mul¬ 
tiple  length  scales  determining  the  dissipation  which  gives  rise 
to  the  wave  width.  As  a  consequence,  the  wave  curve  depends 
on  the  local  front  curvature  and  the  divergence  of  the  velocity 
field  in  the  tangent  plane  i<i  addition  to  the  usual  state  vari¬ 
ables.  Furthermore,  this  modification  of  the  wave  curve  affects 
two  dimensional  wave  patterns.  For  example,  it  is  known  that 
the  standard  Mach  wave  pattern  does  not  occur  for  detonation 
waves.  The  length  scales  affecting  the  wave  curve  may  either  be 
physical  or  artificial  in  nature.  Artificial  length  scales  lead  to 
numerical  errors  which  may  not  vanish  under  mesh  refinement. 

“Supported  by  U.  S.  Department  of  Energy. 


Parallel,  Mixed  Finite  Element  Approximation 
for  the  Porous  Media  Flow 

Dragan  Mirkovic 

Department  of  Applied  Mathematics  and  Statistics 
State  University  of  New  York  at  Stony  Brook 
Stony  Brook.  NY  11794 

An  efficient,  parallel  algorithm  for  numerical  solution  of  the 
pressure  equation  in  porous  media  flow  problem  is  considered 
We  use  lowest  order  Ravi  art- Thom  as  mixed  finite  elements  to 
obtain  high  accuracy  of  the  flux  approximation,  and  to  ensure 
mass  conservation. 

A  parallel  version  of  the  algorithm  was  obtained  using  the 
non-overlapping  domain  decomposition  method  proposed  by 
Glowmaki  and  Wheeler.  For  this  method  we  propose  an  quasi- 
optimal  preconditioner,  for  the  subdomain  interface  problem 
Numerical  experiments  from  a  parallel  implementation  on  an 
Intel  iPSC/860  hypercube  and  Paragon  computers  are  pre¬ 
sented  which  show  the  method  to  be  both  efficient  and  scalable 
The  numerical  examples  also  confirm  the  theoretical  bounds  of 
the  condition  number  of  the  interface  operator 
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Mass  Lumping  Edge  Elements 
in  Three  Dimensions 


Multidimensional  Method  of  Transport 
for  the  Shallow  Water  Equations 


Gary  Cohen 

INRIA 
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Presented  by  Peter  Monk 

We  shall  present  a  dispersion  analysis  of  higher  order,  mass 
lumped,  edge  finite  element  methods  for  discretizing  Maxwell's 
equations  in  three  space  dimensions.  In  these  methods  the  elec¬ 
tric  field  is  discretized  using  N^delec  s  curl  conforming  family 
of  edge  elements  (we  shall  consider  in  detail  the  linear  aud  cu¬ 
bic  elements)  In  order  to  apply  rapid  explicit  time  stepping 
procedures  we  use  a  mass-lumping  scheme  based  on  the  use 
of  anisotropic  quadrature  formulae  consisting  of  tensor  prod¬ 
uct  Gauss  and  Gauss-Lobatto  rules.  Using  this  technique,  it 
is  possible  to  construct  fully  discrete,  high  order  in  space  and 
time,  schemes  for  approximating  the  Maxwell  system. 

Despite  the  fact  that  each  component  of  the  electric  field  is  ap¬ 
proximated  in  an  anisotropic  fashion  the  dispersion  relations 
for  the  scheme  (of  any  order)  can  be  derived  analytically.  We 
shall  show  that  provided  an  orthogonal  grid  is  used,  the  disper¬ 
sion  relations  for  the  three  dimensional  scheme  are  given  by  the 
sum  of  the  dispersion  relations  for  an  appropriate  mass  lumped 
discretization  of  the  one  dimensional  wave  equation  analyzed 
by  Tordjman  Thus  the  accuracy  and  stability  properties  of 
the  scheme  for  Maxwell's  equations  can  be  analyzed  easily. 
Using  simple  numerical  examples,  we  shall  show  that  the  mass- 
lumped  finite  element  method  offers  the  possibility  of  a  rapid 
and  phase  accurate  solution  of  the  Maxwell  system. 


“Research  supported  in  part  by  AFOSR. 
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Switzerland 
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A  truly  two-dimensional  scheme  based  on  a  finite  volume  dis¬ 
cretization  on  structured  meshes  will  be  developed  for  solving 
the  shallow  water  equations.  The  idea  of  the  scheme  is  bor¬ 
rowed  from  the  method  of  transport  which  has  been  developed 
by  M.  Fey  to  solve  the  Euler  equations  for  compressible  gas  [l] 
In  contrast  to  the  Euler  equations  the  flux  of  the  shallow  water 
equation  is  not  homogeneous.  We  cannot  take  the  eigenvectors 
of  the  Jacobi  matrix  of  the  flux  to  compute  the  partition  of  the 
waves  C,  C~  and  V  to  that  we  are  obliged  to  modify  them 
We  had  to  include  source  terms  and  appropriate  boundary  con¬ 
ditions  into  the  program  to  give  it  the  ability  to  simulate  river 
flow  or  flow  in  water  reservoirs.  Some  examples  will  be  pre¬ 
sented. 

[1]  M.  Fey,  “Ein  Echt  Mehrdimensionales  Verfahren  zur  Lo- 

sung  der  Eulergleichungen,"  Dissertation,  ETH  Zurich, 
1993. 

[2]  R.  J.  LeVeque,  Numerical  Methods  for  Conservation 

Laws,  Birkiiuser.  Basel,  1990. 
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On  a  Class  of  Evolution-Galerkin  Methods 
for  Low  Reduced  Frequency  Problems 

K.W.  Morton  and  I.  R.  Dawkins 

Oxford  University  Computing  Laboratory 
Wolf  son  Building,  Parks  Road,  Oxford.  OX  1  3QD,  England 

Presented  by  K.W.  Morton 

An  important  class  of  hyperbolic  problems,  of  great  inter¬ 
est  to  design  engineers,  is  that  of  so-called  low  reduced  fre¬ 
quency  problems,  typified  by  aircraft  flutter,  turbomachinery 
fan/blade  interaction,  floodwave  flows,  tidally-dnven  disper¬ 
sion,  etc. 

In  this  paper  we  shall  first  consider  the  effectiveness  of  stan¬ 
dard  unsteady  finite  difference  schemes  for  these  problems 
Then  we  shall  consider  a  formulation  of  various  Evolution- 
Galerkin  methods  akin  to  that  used  by  Godunov;  that  is,  in 
a  finite  volume  framework  it  is  time  integrals  of  the  boundary 
fluxes,  i.e.,  the  inter-cell  fluxes,  that  the  evolution  operators  are 
used  to  approximate.  The  most  relevant  difference  schemes  are 
the  box,  Crank-Nicolson  and  Roberts- Weiss  angled  derivative 
schemes;  and  we  shall  show  how  useful  combinations  of  these 
schemes  are  naturally  generated  by  the  new  RCFVM  (Recov¬ 
ered  Characteristic  Finite  Volume  Method)  schemes. 

A  sequence  of  increasingly  demanding  model  problems  will  be 
used  to  illustrate  both  analytically  and  numerically  the  prop¬ 
erties  of  these  finite  volume  schemes  compared  with  their  re¬ 
lated  finite  difference  counterparts.  The  eventual  objective  of 
the  method  development  is  a  scheme  for  use  on  unstructured, 
three-dimensional  tetrahedral  grids  which  is  a  natural  devel¬ 
opment  of  those  presently  being  used  successfully  for  steady 
compressible  flow  problems. 


Deformation  and  Fracture  of  Solids  under 
Dynamic  Loading  Conditions 

Alan  Needleman 

Division  of  Engineering 
Brown  University 
Providence,  RI  02912 

Continuum  mechanics  analyses  of  deformation  and  fracture  in 
solids  subject  to  rapid  loading  will  be  discussed  An  overview 
of  the  continuum  formulation  will  be  given  and  current  areas 
of  research  will  be  noted.  The  discussion  of  fracture  centers 
on  a  framework  where  the  initial- boundary  value  problem  for¬ 
mulation  allows  for  the  possibility  of  a  complete  loss  of  stress 
carrying  capacity,  with  the  associated  creation  of  new  free  sur¬ 
face.  No  ad  hoc  failure  criterion  is  employed  and  fracture  arises 
as  a  natural  outcome  of  the  deformation  history  For  ductile 
solids,  localization,  in  the  sense  of  a  deformation  pattern  in¬ 
volving  one  or  more  intense  deformation  bands,  can  play  an 
important  role  in  the  failure  process.  The  discussion  will  em¬ 
phasize  issues  of  length  scales,  size  effects  and  the  convergence 
of  numerical  solutions. 
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Aeroelastic  Computations  of  Wings 
D.  Nellessen,  S.  Schlechtriem,  and  J.  Ballniann 

Lehr •  und  Forschungsgebiet  fur  Mechanik 
RWTH  Aachen 
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D-52062  Aachen,  Germany 

Presented  by  D.  Nellessen 

The  aeroelastic  behaviour  of  a  wing  is  calculated  using  SOFIA 
(SOlid*  Fluid-Inter  Action )( 1]  For  the  computation  of  the  flow- 
field  the  well  known  code  INFLEX[2]  is  used  which  solves  the 
hyperbolic  Euler  equations  The  linear  elastic  structure  is  as¬ 
sumed  to  be  quaai-one-dimensional.  ODISA  -  a  method  based 
on  characteristic  theory  -  is  used  for  the  calculation  of  the 
structural  deformations  Both  solvers  are  coupled  in  the  time 
domain. 

INFLEX  solves  the  unfactored,  conservative  form  of  the  time 
dependent,  implicit  Euler  equation  by  a  relaxation  method.  A 
nonlinear  Newton  method  in  connection  with  a  point  Gauss- 
Seidel  algorithm  is  employed.  The  flux  differences  are  cal¬ 
culated  via  a  characteristic  extrapolation  scheme  based  on  a 
Godunov-  type  averaging  procedure. 

Due  to  the  theory  of  Timoshenko  and  Fliigge  the  effects  of 
shear  flexibility  and  rotatory  inertia  are  included.  Each  cross- 
section  of  the  wing  has  three  translational  and  three  rotational 
degrees  of  freedom.  The  bending  motions  and  the  torsional 
motion  are  coupled  statically  and  dynamically  Therefore 
the  number  of  independent  variables  is  reduced  by  the  Ritz- 
Kantorowitsch-  Method.  The  beam  is  discretized  by  isopara¬ 
metric,  two  noded  elements.  A  reduced  integration  scheme  for 
the  transverse  shear  contribution  avoids  shear  locking.  The 
resulting  set  of  ordinary  differential  equations  is  integrated  by 
Newmark’s  method. 

[1]  S.  Schlechtriem,  D.  Nellessen,  J.  Ballmann,  i “Elastic  Defor¬ 

mation  of  Rotor-Blades  Due  to  BVI,"  in  17th  European 
Rotorcraft  Forum,  1993. 

[2]  A.  Brenneis  and  A.  Eberle,  “Evaluation  of  an  Implicit  Eu¬ 

ler  Code  Against  Two  and  Three-Dimensional  Standard 
Configurations,"  in  AGARD  CP-507:  Transonic  Un¬ 
steady  Aerodynamics  and  Aeroelasticity,  Paper  No.  10, 
March,  1992. 


Numerical  Simulation  of  Shock  Waves  in 

Linear-Elastic  Plane  Plates  with 
Curvilinear  Boundaries  and 
Material  Interfaces 

R.J.  Niethammer  a  and  J.  Ballmann 

Lehr -  und  Forschungsgebiet  fur  Mechanik 
RWTH  Aachen 
Templergraben  64 
52062  Aachen,  Germany 

Presented  by  R.J.  Niethammer 

A  numerical  scheme  of  bicharacteristics  is  employed  to  compute 
stress  waves  in  plane,  homogeneous,  isotropic,  linear-elastic 
plates  under  in-plane  loading  with  curvilinear  boundaries  and 
material  interfaces.  In  order  to  keep  the  CFL-number  close 
to  1  and  the  curved  grid  coordinates  perpendicular  to  each 
other  to  avoid  numerical  dissipation  and  dispersion,  overlaid 
grids  are  used  to  discretize  the  computational  domain  This 
approach  is  validated  by  comparing  the  obtained  numerical  so¬ 
lution  with  analytical  and  experimental  results  for  plates  with 
circular  or  partly  circular  boundaries  and  material  interfaces 


“Supported  by  the  Deutsche  Forschungsgemeinschaft 
under  grant  no.  Ba  661/12-1. 
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On  Conservation  Laws  with  a 
Complex-Analytic  Structure: 

Special  Solutions  and 
Multi-dimensional  Upwindiug 
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Conservation  laws  with  a  complex-analytic  structure  are  sim¬ 
ple  models  of  hyperbolic  systems  of  two  equations  in  two 
space  variables.  As  a  prototype,  they  include  the  Wey!  equa¬ 
tion  of  relativistic  quantum  mechanics  and  the  complex  Burg¬ 
ers  equation.  We  present  some  special  solutions,  includ¬ 
ing  crossing  shocks,  a  non-local  initial-boundary-value  prob¬ 
lem,  radially  symmetric  solutions  and  a  Roe-type  wave  model 
Using  this  wave  model,  we  can  apply  the  genuinely  multi¬ 
dimensional  fluctuation-splitting  schemes  to  conservation  laws 
with  a  complex-analytic  structure.  We  compare  these  schemes 
with  standard  dimensional  splitting  schemes  and  show  a  situa¬ 
tion  where  the  latter  ones  misrepresent  discontinuities  traveling 
obliquely  over  a  cartesian  grid 

“Supported  by  Deutsche  Forschungsgemeinschaft,  SFB 
256. 


A  Numerical  Scheme  Resolving 
Shallow-Water  Flow  Discontinuity 
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The  approximation  of  the  shallow  water  model  with  noncon¬ 
stant  grid  bottom  involves  some  problems  with  consistency  and 
even  stability  when  the  water  depth  becomes  thin  or  zero  The 
more  evident  example  corresponds  to  the  behaviour  of  a  steady 
fluid,  Chat  is  with  a  zero  velocity,  with  a  flat  fluid  surface  and 
a  large  variation  bottom,  and  for  a  thin  layer  of  water  the  pro¬ 
cessing  by  using  a  classical  scheme  may  provide  some  moving 
in  the  fluid  and  even  some  instability,  for  a  thin  water  height, 
though  the  fluid  should  stay  at  rest.  The  processing  by  using 
split  methods  cannot  also  achieve  or  maintain  steady  solutions 
with  an  acceptable  level  of  accuracy  for  they  do  not  preserve 
the  balance  between  source  terms  and  internal  forces.  We  pro¬ 
pose  here  a  well  balanced  scheme  which  preserves  the  balance 
between  source  terms  and  internal  forces,  and  which  is  adapted 
to  any  bottom  proflle.  This  technique  allows  the  simulation  of 
many  phenomena  with  environmental  applications:  dam  fail¬ 
ure  with  bathymetry  and  water  flooding  over  a  hill. 
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We  have  devised  a  technique  that  makes  it  possible  to  obtain 
energy  estimates  for  initial-boundary  value  problems  for  non¬ 
linear  conservation  laws 

««  +  /x=0,  *€(0,1)  <>0  ... 

u(x,  0)  =  *»(*)  '  ' 

Ac  the  boundaries  r  s  0, 1  we  prescribe  data  4(t)  for  Che 
ingoing  characteristics,  which  are  determined  by  the  sign  of 
t)),  »  =  0, 1.  The  two  major  tools  to  achieve  the  energy 
estimates  are  a  certain  splitting  of  the  flux  vector  derivative 
/(u)x,  and  a  structural  hypothesis,  referred  to  as  a  cone  con¬ 
dition,  on  the  flux  vector  /(u).  The  splitting  of  h  is  defined 

/*=(/-  F)x  +  ft  , 

where  F( u)  satisfies  Euler’s  inhomogeneous  differential  equa¬ 
tion 


F'u  =  -F  +  f  <=>  F( u) 


/(*u )d« 


Hence,  fx  —  (f'u)*  4-  F'ux.  Multiplying  eq.  (1)  by  u  and 
using  this  splitting  yields 


i(uJ),  +  (uF'u),  =  0, 


I  =fV< 

Jo 


As  a  cone  condition  we  take  sgn(/'(u))  =  sgn(u),  which  en¬ 
sures  that  sgn(F'(u))  =  sgn(/'(u)).  Integrating  eq.  (2)  in  (*,  t) 
space  and  applying  the  characteristic  boundary  conditions  of 
eq.  (I)  will  thus  imply  an  energy  estimate. 

This  splitting  technique  generalises  to  symmetrizable  conserva¬ 
tion  laws  in  several  space  dimensions-  For  many  systems  that 
occur  in  practice,  such  as  the  Euler  equations  of  gas  dynam¬ 
ics,  it  is  possible  to  find  a  suitable  cone  condition,  and  thus  an 
energy  estimate  follows.  The  results  extend  to  weak  solutions 
that  are  obtained  as  pointwiae  limits  of  vanishing  viscosity  so¬ 
lutions.  As  a  by-product  we  obtain  explicit  expressions  for  the 
entropy  function  and  the  entropy  flux  of  symmetrizable  sys¬ 
tems  of  conservation  laws.  Under  certain  circumstances  the 
proposed  technique  can  be  applied  repeatedly  so  as  to  yield 
estimates  in  the  maximum  norm.  Furthermore,  it  is  possible 
to  derive  energy  estimates  for  high-order  difference  approxima¬ 
tions  of  conservation  laws  if  the  split  version  is  used. 

“This  work  has  been  sponsored  by  NASA  under  Con¬ 
tract  No.  NAS  2-13721. 


The  Scope  of  the  Level  Set  Method  for 
Computing  Interface  Motion 

Stanley  Osher 
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In  1987  (  with  James  Sethian)  we  devised  a  numerical  method 
using  a  fixed  Eulenan  grid,  to  capture  the  motion  of  inter¬ 
faces  in  an  arbitrary  number  of  dimensions  was  developed  The 
"level  set”  algorithms  handle  topological  merging  and  break¬ 
ing  easily,  (with  no  user  interface)  and  accurately  capture  the 
formation  of  sharp  gradients  and  cusps  in  the  front 
Recent  advances  in  the  method  at  UCLA  enable  us  to  easily 
compute  the  motion  of  multiple  junctions,  interfaces  for  multi¬ 
phase  incompressible  flow,  and  Stefan  problems  Merging  and 
reconnection  are  accurately  computed 

Very  recently,  with  E  Harabetian,  we  have  proposed  and  tested 
a  variant  which  works  well  for  unstable  problems,  such  as  mo¬ 
tion  of  vortex  sheets 

Theoretical  and  numerical  results  will  be  presented  and  future 
applications  will  be  discussed. 
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Consider  the  Cauchy  problem  for  a  model  of  two-phase  flow 
gas /liquid .  If  the  gas  and  the  liquid  are  of  the  same  velocity 
u,  then  we  have 

9,p  +  &x(pu)  =  0 

9t(pc)  +  9x(puc)  =  0 

8,(pu(l  +  c))  +  S,(pu2(l  +  e)  +  p(p,  c))  =  0 
t  =  0;  (p,  u,  e)  =  (Po(c)>  uo(»)i  c0(*)) 

Here  p  and  pc,  with  0  <  p  <  1,  e>0  are  the  densities  of  the 
liquid  and  the  gas.  The  equation  of  state  is  given  by  p(p,  c)  = 
ks„ 

where  k  is  a  constant 

This  model  is  a  strictly  hyperbolic  system  with  two  genuinely 
nonlinear  fields  and  one  linearly  degenerate  field  of  Temple’s 
type.  We  prove  the  global  existence  of  weak  solutions  in 
time  for  the  initial  condition  (po,  “o.  eo)  with  bounded  vari¬ 
ation.  The  only  hypothesis  is  that  the  total  variation  of  the 
initial  concentration  is  not  enough  large.  More  precisely,  let 

At)  =  *^/l4xo  •  UTV(Ao)  <  2/n/X£f{Ao(*),  then  there  ex¬ 
ists  a  global  weak  solution  defined  for  all  time.  The  proof  uses 
still  the  Glimm's  scheme.  It  consists  to  study  carefully  the 
interaction  of  simple  waves  and  construct  the  Glimm's  func¬ 
tionals  to  establish  the  stability  estimations. 


About  Hyperbolic  Equations  of  the 
Two- Velocity  Hydrodynamics 
with  One  Pressure 
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Presented  by  Yu.  V.  Perepechko 

The  problem  of  non-hyperbolicity  of  reversible  equations  de¬ 
scribing  two-velocity  motion  of  gas-liquid  media  is  well-known 
in  mechanics  of  multiphase  media  It  is  caused  exclusively  by 
effects  of  phases  transfer  with  various  velocities  and  results  in 
appearance  of  unphysical  solutions,  that  is  meaning  the  insta¬ 
bility  of  the  media  at  relative  motion  of  the  subsystems  It 
is  accepted  to  connect  non-hyperbolicity  of  the  dynamic  equa¬ 
tions  with  absence  of  the  second  pressure  (which  is  independent 
of  the  first  pressure)  for  one  of  phases.  Therefore  it  is  necessary 
for  hyperbolicity  that  the  number  of  independent  pressures  co¬ 
incide  with  the  number  of  independent  velocities 
We  have  offered  the  two-velocity  model  of  gas-liquid  media 
with  one  pressure  which  shows  that  in  reality  the  difficulties 
are  connected  with  incorrect  introduction  of  reversible  forces  of 
interaction  between  the  subsystems,  rather  than  with  absence 
of  the  second  pressure  in  the  system.  The  correct  description 
of  these  forces,  which  is  possible  in  the  framework  of  used  ap¬ 
proach,  based  on  the  fundamental  physical  principles,  results 
in  the  model  of  dynamics  of  classical  two-velocity  media  with 
one  pressure  (like  gas-  or  vapour-liquid  media)  having  hyper¬ 
bolicity. 

Phenomenological  theory  of  classical  two-velocity  media  was 
created,  developing  approach,  offered  Landau  L  D  for  descrip¬ 
tion  of  the  hydrodynamics  of  superfluid  helium  Demand  of  the 
satisfying  of  general  physical  principles:  conservation  laws  of 
the  mass,  momentum,  energy;  Galilean  invariance  of  dynamics 
equations;  and  fixing  of  system's  kind  by  choice  of  the  first  law 
of  thermodynamics  determines  the  equations  of  motion  of  a 
classical  two-velocity  continuum  uniquely.  In  advanced  theory 
the  energy  isn't  divided  into  potential  and  kinetic  ones,  and 
the  entropy  isn’t  regarded  to  be  locally  additivity  function. 
The  forces  of  reaction  of  the  subsystems  (as  forces  of  apparent 
masses)  are  calculated  simultaneously  with  obtaining  of  the 
dynamic  equations.  These  forces  depend  on  square  of  veloci¬ 
ties  and  they  have  to  be  taken  into  consideration  when  high- 
velocity  flows  are  investigated.  Just  their  self-agreed  definition 
provides  the  hyperbolicity  of  received  reversible  equations 
Phenomenological  equations  obtained  is  possible  to  be  inter¬ 
preted  as  the  dynamic  equations  of  classical  two-velocity  con¬ 
tinuum,  as  far  as,  the  entropy  is  transferred  by  both  compo¬ 
nents  in  difference  from  the  Landau’s  theory. 

The  set  of  the  dynamic  equations  is  dosed  by  the  equation 
of  state  of  a  two-velocity  medium,  which  is  obtained  in  linear 
approximation  without  assumption  about  local  additivity  of 
entropy. 
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Perturbed  Elastic  Waves: 

Huygens’  Principle  and  Resonances 

G.  Perla  Menzala 

LSCC/CNPq  and  IMUFRj'.  C.P.  68530 
22290-160,  Rio  de  Janeiro,  RJ,  Brazil 

R.  Coimbra  Charao 
UFSC,  Dept  Math.,  Trmdadc,  C.P.  47 6 
88049-000,  Flonandpolit,  SC,  Brazil 

Presented  by  G.  Perla  Menzala 

We  consider  smooth  solutions  of  a  perturbed  system  of  linear 
elasticity  in  3-D  and  concentrate  our  attention  on  two  ques¬ 
tions:  1)  b  it  possible  that  all  such  perturbed  elastic  waves 
propagate  on  spherical  shelb?  3)  What  can  we  say  about  the 
resonances  associated  with  the  perturbed  elastic  system?  Con¬ 
cerning  the  first  question  we  prove  that  the  answer  is  negative 
for  a  suitable  clast  of  perturbations.  Our  analysis  is  based  on 
estimates  over  characteristic  cones  and  a  “trace  type”  theorem 
suitably  adapted  for  our  needs.  For  question  3)  we  prove  that 
the  resonances  form  a  discrete  set  in  the  complex  plane  and 
depend  continuously  on  the  perturbation. 


Theoretical  and  Numerical  Results  on 
Fluctuation-Splitting  Schemes 

B  Perthame 

Universite  Paris  6 
Laboratoire  D  'Analyse  Numertque 
Tour  55-65.  5eme  Etage 
4.  Place  Jussieu 
65251  Pans.  Cedex  05.  France 

First,  this  lecture  will  be  devoted  to  explain  the  so-called 
"fluctuation-splitting  schemes"  (FSS  in  short)  for  solving  free 
advection  equations  on  general  triangular  grids,  these  schemes 
have  been  introduced  recently  by  DeConninck,  Roe  Sildikover 
Struijs,  We  will  show  that  they  converge  strongly  in  a  clas¬ 
sical  finite  volumes  sense,  although  a  finite  difference  version 
can  be  derived,  with  a  rate  convergence 

In  a  work  with  Y  Qiu  and  B.  Stoufflet,  we  extend  these 
schemes  to  treat  the  compressible  Euler  Equations  using  the 
same  ideas  as  in  kinetic  schemes.  Roughly  speaking  the  FSS 
reduces  the  problem  to  a  generalized  Riemann  problem  with 
three  states,  and  the  wave  decomposition  can  be  naturally  per¬ 
formed  using  the  Boltzmann  approach.  Entropy  and  stability 
properties  can  be  rigorously  proved  for  this  scheme 
Numerical  results  show  that  this  approach,  although  it  is  only 
flrst  order  accurate,  gives  comparable  or  better  results  than 
first  order  finite  volumes  methods. 
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The  Numerical  Solution  of  a 
Hyperbolic  System  with  Relaxation 
Arising  in  Bioelectromagnetics 

Peter  G.  Petropoulos  ° 

Armstrong  Laboratory, 

AL/OBS,  8103  1 5th  St  , 

Brook >  AFB,  TX  78235-5220 

The  equation*  modeling  the  interaction  of  pulsed  electromag¬ 
netic  Helds  with  dispersive  dielectrics,  such  as  human  tissue, 
consist  of  a  set  of  hyperbolic  partisil  differential  equations 
(Maxwell's  equations)  coupled  to  ordinary  differential  equa¬ 
tions  which  model  the  dispersion.  The  hyperbolic  system  to 
be  solved  is  of  the  form  ut  +  Aux  +  flu,  +  Cu,  =  S(u), 

where  u  =  (H,  B,  P)T  is  the  vector  of  electromagnetic  fields, 
ruun  •»  the  smallest  relaxation  time  of  the  dielectric,  and  5(u) 
is  the  source  matrix  which  represents  the  dispersion  by  cou¬ 
pling  B  and  P.  Numerical  solutions  of  this  coupled  system 
provide  input  to  the  development  of  safety  standards  for  hu¬ 
man  exposure  to  pulsed  fields.  Experimental  data  for  media 
representative  of  tissue  indicates  that  the  o.d.e.  aspect  of  the 
problem  is  very  stiff,  i.e.,  rmm  <;  1  while  the  computed  solu¬ 
tion  evolve*  on  much  longer  timescales. 

I  will  examine  a  semi-implicit  numerical  method  for  the  rel¬ 
evant  hyperbolic  system  with  relaxation  that  it  bated  on 
staggered-grid  finite-differences  for  the  p.d.e.  component  and 
on  a  simple  A-stabie  approach  for  the  o.d.e.  component.  The 
severe  discretisation  requirements  of  this  method  will  be  ex¬ 
plained  with  an  asymptotic  analysis  of  the  coupled  p.d.e.-o.d.e. 
system  based  on  an  equation  which  displays  the  wave  hierar¬ 
chies  in  the  dielectric:  tft(Btr-ejB**)+7JL_(B„-eJfl„)  = 
0,  where  >  1.  An  alternative,  more  “physical,"  finite- 

difference  scheme  will  be  presented  along  with  arguments  for 
its  superiority  that  are  partly  based  on  the  analysis. 

“This  work  was  supported  by  contract  F41624-92-D- 
4001  with  the  USAF  Armstrong  Laboratory. 


Visco-Plastic  Relaxation: 

Convergence  and  Localization  ' 

E.  Bruce  Pitman 

Department  of  Mathematics 
State  University  of  .Veu;  Vori 
Buffalo.  Nevj  York  14214 

A  visco-plastic  shear-strain  softening  constitutive  model  is  in¬ 
troduced  as  a  regularization  of  an  unstable  e I asto- plastic  soft¬ 
ening  model.  Mathematical  analysts  demonstrates  that,  in 
spite  of  softening,  the  solution  of  the  visco-plastic  model  has 
bounded  energy;  furthermore,  the  solution  (in  particular  the 
stress)  converges  in  an  appropriate  sense,  to  the  solution  of 
the  elasto-plastic  model-  A  computational  scheme  based  on  a 
high-order  Godunov  method  is  then  used  to  compute  numerical 
solutions  to  the  visco-plastic  problem 

a  Research  supported  by  the  National  Science  Founda¬ 
tion  under  Grant  DMS-9201062,  which  includes  additional 
funds  from  the  Air  Force  Office  of  Scientific  Research 
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Conservation  Principles  for 
Elasto- Plastic  Materials 

Bradley  J.  Plohr 

Department s  of  Mathematics 
and  of  Applied  Mathematics  and  Statistics 
State  University  of  New  York 
Stony  Brook,  NY  tl79d-36SI 

In  this  talk  we  shall  describe  a  new  formulation  of  the  contin¬ 
uum  equations  modeling  elasto-plastic  materials.  The  equa¬ 
tions  form  a  system  of  conservation  laws  [2],  which  naturally 
permits  discontinuous  solutions.  This  offers  advantages  for 
both  computation  and  analysis. 

The  decisive  advantage  of  conservative  numerical  schemes  is 
well  established.  We  have  developed  a  high-resolution,  conser¬ 
vative  Eulerian  numerical  scheme  that  incorporates  material 
interface  tracking  and  have  applied  it  to  metal  plate  impact 
problems  [4].  One  outcome  of  this  work  [3]  is  to  correct  the 
value  of  a  fundamental  material  parameter  that  had  been  over¬ 
estimated,  by  a  factor  of  three,  using  standard  codes. 

We  have  also  analyzed  the  structure  of  a  shear  band  in  a  metal, 
one  of  the  principle  wave  modes  in  elasto-plastic  flow.  Asymp¬ 
totic  analysis  [1]  shows  that,  in  a  fully  developed  shear  band, 
the  stress/strain-rate  relation  is  controlled  by  the  balance  be¬ 
tween  heat  conduction  and  the  heat  generated  by  plastic  work. 
This  picture  leads  to  a  tracking  algorithm  for  the  effective  com¬ 
putation  of  shear  bands. 

[1]  J.  Glimm,  B.  Plohr.  and  D.  Sharp,  “A  Conservative  For¬ 

mulation  for  Large- Deformation  Plasticity,"  Appi.  Mech 
Ret.,  vol.  46,  pp.  519-526,  1993. 

(2]  B.  Plohr  and  D.  Sharp,  "A  Conservative  Formulation  for 

Plasticity,"  Adv.  Appl.  Math.,  vol.  13,  pp.  462-493, 
1992. 

(3]  F.  Wang  and  J.  Glimm,  "Models  for  Rate-Dependent  Plas¬ 

ticity,"  Report  No.  SUNYSB-AMS-94-06,  June,  1994. 

[4]  F  Wang,  J.  Glimm,  J.  Grove,  B.  Plohr,  and  D.  Sharp, 

“A  Conservative  Eulerian  Numerical  Scheme  for  Elasto- 
Plasticity  and  Application  to  Plate  Impact  Problems," 
impact  Comput.  Sci.  Enyrg. ,  vol.  5,  pp.  235-308,  1993. 


Fluid  Flow  Modeling  in 
Manufacturing  Processes 

V.  Prasad 

Department  of  Mechantcal  Engineering 
State  University  of  New  York  at  Stony  Brook 
Stony  Brook.  NY  11794 

Transport  phenomena  involving  fluid  flow,  heat  transfer  ari  l 
mass  transport  piay  an  important  role  in  many  materials  and 
manufacturing  processes  In  many  applications,  the  process 
and  product  quality  can  be  controlled  and  improved  by  de¬ 
veloping  a  better  understanding  of  the  transport  processes 
through  fluid  flow  modeling  C FD  based  computer  models  are 
becoming  very  popular  for  process  simulation  State-of-r  h^- 
art  of  modeling  and  simulation  in  the  areas  of  low  and  high 
pressure  crystal  growth,  and  melting/solidiflcation  will  be  pre¬ 
sented. 
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Reservoir  Simulation  by  Front  Tracking 

N.  H.  Risebro 

Dept,  of  Math  ,  University  of  Oslo 
P.O.Box  1053  Bltndern 
N-0316  Oslo,  Norway 
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H.  Holden 
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Presented  by  N.  H.  Risebro 

We  will  present  the  “Oslo  approach”  to  front  tracking,  applied 
to  reservoir  simulation.  The  ideas  behind  the  front  tracking 
will  be  discussed,  and  then  we  will  show  how  front  tracking 
methods  can  be  used  as  numerical  methods  for  some  models  of 
flow  in  porous  media,  see  [1]. 

The  front  tracking  method  has  been  used  as  a  basis  for  a  com* 
mercial  reservoir  simulator,  and  we  will  give  several  examples 
taken  from  "real"  reservoir  studies,  where  front  tracking  has 
been  used  to  model  the  flow  of  water  and  hydrocarbons.  In 
many  cases,  particularly  in  two  dimensional  models  of  two 
phase  flow,  experience  has  shown  front  tracking  to  be  superior 
to  methods  based  on  finite  differences  with  regards  to  accuracy 
vs.  CPU-time. 


Inverse  Scattering  for  an  Integro-PDE 
Associated  with 
Electromagnetic  Dispersion 

Tom  Roberts  “ 

Armstrong  Laboratory 
AL/OES,  Brooks  AFB.  TX  78235 

This  talk  is  about  time-domain  inverse  scattering  for  electro- 
magnetically  dispersive  media  that  are  flat,  and  whose  proper¬ 
ties  vary  only  with  depth  Examples  include  soils  and  tissues 
These  media  are  represented  by  an  integral  kernel  y(i.  O 

Eiz  -  Btt  +  /  y(x.  *  -  s  )£(*•,  >  Ids  =  0 

Jo 

The  kernel  y(r,  r)  is  to  be  determined  from  data  concerning 
the  electric  field  E(x,t)  at  a  boundary  z  =  0  In  particular, 
the  goal  is  to  use  time-domain  reflection  data  /f®(r),  as  a  func¬ 
tion  of  the  angle  of  incidence  9,  to  determine  the  two- variable 
function  g(z,t)  that  characterizes  the  medium  The  talk  will 
review  progress  in  this  work. 

“This  work  was  funded  under  USAF  contract  F41624- 
92-D-4001  and  was  sponsored  by  the  HQ  Human  Systems 
Division  at  Brooks  Air  Force  Base.  The  work  was  done  at 
Brooks  AFB  under  a  program  administered  by  Operational 
Technologies  Corporation. 


[1]  F.  Bratvedt,  K.  Bratvedt,  C.  Buchholz,  H.  Holden,  L. 
Holden,  and  N  H.  Risebro,  “A  New  Front  Tracking 
Method  for  Reservoir  Simulation,”  SPE  Reservior  En¬ 
gineering,  pp.  107-116,  1992. 
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An  Approximate  Riemann  Solver  for 
Magnetohydrodynamics 
(That  Works  in  More  than  One  Dimension) 


Multidimensional  Upwinding — the 
Wave  of  the  Future? 


Kenneth  G.  Powell  and  Philip  L.  Roe 

Department  oj  Aerospace  Engineering 
The  University  of  Michigan 
Ann  Arbor,  MI  43109-2118 

Presented  by  P.  L.  Roe 

An  approximate  Riemann  solver  has  been  developed  for  the 
governing  equations  of  ideal  magnetohydrodynamics  (MHD) 
The  Riemann  solver  is  a  Roe-type  solver,  with  an  eight-wave 
structure,  where  seven  of  the  waves  are  those  used  in  previous 
work  on  upwind  schemes  for  MHD,  and  the  eighth  wave  is  re¬ 
lated  to  the  divergence  of  the  magnetic  field.  The  structure 
of  the  eighth  wave  is  not  immediately  obvious  from  the  gov¬ 
erning  equations  as  they  are  usually  written,  but  arises  from 
a  modification  of  the  equations  that  is  presented  in  the  talk. 
The  addition  of  the  eighth  wave  allows  multi-dimensional  MHD 
problems  to  be  solved  without  the  use  of  staggered  grids  or  a 
projection  scheme,  one  or  the  other  of  which  was  necessary  in 
previous  work  on  upwind  schemes  for  MHD.  Topics  covered  in 
the  talk  include: 

s  The  structure  of  the  eight-wave  Riemann  problem; 

s  The  derivation  of  the  Roe-average  state  for  ideal  MHD; 

s  Normalisation  of  the  eigenvectors  to  avoid  singularities. 

A  test  problem  made  up  of  a  shock  tube  with  rotated  initial 
conditions  is  solved  to  show  that  the  two-dimensional  code 
yields  answers  consistent  with  the  one-dimensional  methods 
developed  previously.  In  addition,  results  of  calculations  of 
the  interaction  of  the  solar  wind  with  a  comet  on  an  adap¬ 
tively  refined  mesh  will  be  shown. 


P.  L.  Roe 


Aerospace  Engineering,  Umv  oj  Michigan.  ,4nn  Arboi 


Upwind  differencing,  in  one  version  or  another,  is  irresistably 
natural  in  one  space  dimension,  but  loses  some  of  its  compul¬ 
sion  in  higher  dimensions  There  are  many  possible  ways  to  at¬ 
tempt  the  generalization,  but  almost  alt  of  those  that  have  been 
successfully  implemented  follow  a  dimension-by-dimension  ap¬ 
proach  that  gives  unsatisfactory  results  in  separated  shear  lay¬ 
ers  and  at  stagnation  points  After  a  critique  of  this  method 
we  present  new  decompositions  based  on  the  following  ele¬ 
ments. 

1  A  computational  method,  derived  from  desirable  proper¬ 
ties  of  the  modified  equation,  which  comes  in  hyperbolic  and 
elliptic  flavors. 

2.  Decomposition  of  the  steady  state  operator  into  hyperbolic 
(scalar)  and  elliptic  (2x2)  subsystems 

3.  Preconditioning  of  the  time-marching  to  decouple  the  solu¬ 
tion  strategies  for  each  subsystem 

4.  A  parallel  computing  strategy  that  minimizes  indirect  ad¬ 
dressing  and  message-passing 
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The  Three-Dimensional  Riemann  Problem  for 
the  Linearized  Gas  Dynamic  Equations 

Carole  Rosier,  Herve  Gilquin,  and  Jerome  Laurens 
LAN,  Universttc  Lyon  I,  Bat  101 
43,  bd  du  1 1  Novembre  1918 
69  622  Vi Ueurbanne  CEDEX,  France 

Presented  by  Carole  Rosier 

We  explicitly  solve  the  three-dimensional  Riemann  problem  for 
the  linearized  gas  dynamic  equations  on  a  structured  mesh 
We  use  the  Fourier  transform  to  derive  formulae  in  the  Fourier 
space-  Then  the  inverse  Fourier  transform  gives  the  pressure 
P  and  the  three  components  of  the  velocity. 


Some  Hyperbolic  Problems  in 
Industrial  Applications 

David  S.  Ross 

Applied  Mathematics  and  Statistics 
Kodak  Research  Labs 
Rochester,  NY  14650-2205 
email .  ross@kodak.  com 

In  this  talk,  we  shall  discuss  some  novel  hyperbolic  equations 
that  have  arisen  in  industrial  problems  We  shall  explain  the 
physical  basis  for  the  models  that  are  expressed  by  these  equa¬ 
tions,  we  shall  consider  some  mathematical  oddities  that  com¬ 
plicate  the  formulation  of  well- posed  problems,  and  we  shall 
discuss  the  solution  and  applications  of  the  equations 
The  first  class  of  equations  we  shall  discuss  is  arise  from  a  sim¬ 
ple  model  of  plasma  etching,  a  method  used  for  boring  contact 
holes  as  part  of  the  manufacturing  of  microelectronic  devices 
The  equations  are  scalar  conservation  laws  with  non-con  vex 
flux  functions-  The  problems  are  moving  boundary  problems, 
and  the  non-convexity  of  the  flux  functions  provides  some  com¬ 
plications  in  establishing  proper  moving  boundary  conditions 
We  shall  discuss  these  issues,  as  well  as  current  applications 
and  research  on  numerical  methods  for  these  equations 
The  second  class  of  equations  we  shall  discuss  arise  in  the  mod¬ 
eling  of  batch  crystallization.  These  are  evolution  equations 
with  a  generally  hyperbolic  character,  but  the  presence  of  non¬ 
local  terms  -  a  delay  term  or  an  integral  expression  -  make 
them  non-standard.  They  are  equations  for  the  evolution  of  a 
population  density  function,  and  they  are  non-linear  in  an  un¬ 
usual  way,  the  coefficients  in  apparently  linear  equations  are 
nonlinear  functions  of  the  m  .ients  of  the  population  density 
We  shall  discuss  the  qualitative  behavior  of  such  equations,  in¬ 
cluding  some  asymptotic  results,  and  we  shall  discuss  their  use 
in  the  modeling  of  the  growth  of  silver  halide  crystals  for  use 
in  photographic  film 
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Small  Correction  to  the 
Theory  of  Supersonic  Inviscid  Gas  Flow 
About  a  Wedge 


Porous  Media  Flow  as  the 
Limit  of  a  Nonstrictly  Hyperbolic 
System  of  Conservation  Laws 
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Problems  of  flow  about  a  wedge  or  a  cone  have  been  under 
theoretical  and  experimental  study  for  more  than  sixty  years 
However,  the  modem  literature  on  gas  dynamics  provides  no 
dear  explanation  of  the  role  of  the  so  called  “  strong  shock"  in 
the  theory  of  such  a  flow 

Even  the  best  monographs,  text-books  and  research  papers 
contain  erroneous  assumption  that  both  known  seif-similar 
flows,  i.e.,  that  with  a  weak  shock  and  that  with  a  strong  at¬ 
tached  to  wedge,  are,  at  least  formally,  solutions  to  the  same 
physical  and  mathematical  problem  of  steady  free  flow  of  an 
mviscid  non-heat-conductive  gas  about  an  infinite  wedge  (or 
cone) 

However,  only  the  self-similar  flow  with  a  weak  shock  is  indeed 
a  proper  free  flow  about  an  infinite  wedge  (or  cone),  whereas 
the  flow  with  a  strong  shock  is  related  to  the  different  and  more 
complex  physical  problem  of  gas  flow  about  the  wedge.  This 
circumstances  allow  us  to  correct  the  conventional  theory  of 
the  flow  about  a  wedge  (or  cone).  ' 


We  show  that  the  weak  solutions  of  the  quasiUnear  hyperbolic 
system 

(<(n+  ^)(u‘)2  +  /(v‘))i  =  -ue 

+(«tv‘)*  =  0 

converge,  as  e  tends  to  zero,  to  the  solutions  of  the  reduced 
problem 

“  +  /( v)x  =  0 
vt  A-  (uv),  =  0 

so  that  v  satisfies  the  nonlinear  parabolic  equation 

-  (/  (v)x  v)x  =  0. 

The  basis  for  studying  the  system  of  the  problem  (1)  depends 
on  the  following  fact:  our  solutions  are  asymptotic  profiles  of 
the  solutions  of  the  system 


f  u.  +  ((»  +  })  u2  +  /(«'))  =  -v 

\  V,+(UV)v  =  0  ' 

In  fact,  the  rescaling 

f  «(».*)  =  y/iV  (*/y«.  »/t) 

\  *(».*)=  V  (x/y?,./f) 


(2) 


(3) 


for  «  >  0  transforms  the  problem  (2)  into  the  problem  (1) 

We  assume  that  e  >  0,  (*,«)  E  Rj  x  R*.  f  E  CJ(R)  such 
that 

/(»)  =  kv2n  +  o  (|u|2n) 

and 

/  (/'(( )  >0  for  f  *  0 
\  /"({)>  0  for{*0 

A  study  of  this  kind  is  useful  to  understand  relations  between 
the  theory  of  quasilinear  hyperbolic  equations  and  degenerate 
diffusive  phenomena. 

We  extend  the  existence  theory  for  nonstrictly  hyperbolic  2x2 
system  investigated  in  some  previous  papers.  The  limiting  pro¬ 
cedure  is  then  carried  out  by  using  the  theory  of  compensated 
compactness.  Finally  we  obtain  the  existence  of  Lyapounov 
functionals  for  the  limit  parabolic  equation  as  weak  limit  of 
the  convex  entropies  as  <  tends  to  zero  for  the  corresponding 
hyperbolic  system. 


PDE’s,  Crime  and  Video  Tapes 
(Applications  of 

Nonlinear  Numerical  Analysis  to 
Investigative  and  Trial 
Image/Video  Processing) 

Lenny  Rudin 

Cognitech,  Inc. 

Santa  Monica,  Cahfornta 


Rapid  proliferation  of  affordable  video  technology  (recording, 
storage  and  transmission  predefined  industrial  and  public  secu¬ 
rity  systems  It  furnished  law  enforcement,  judicial  and  legal 
community  with  a  powerful  new  tool.  In  practice,  to  make 
use  of  collected  and  stored  video  information,  images  are  be¬ 
ing  processed  by  computers.  Computational  image  process¬ 
ing  (CIP)is  a  new  branch  of  applied  mathematics  that  finds 
rigorous  mathematical  solutions  to  problems  associated  with 
restoration  and  analysis  of  decayed  (e.g.  cluttered  and  blurry) 
images  and  movies  Recent  advances  in  fast  numerical  al¬ 
gorithms  for  nonlinear  problems  have  paved  a  new  approach 
to  image  processing.  The  Total  Variation  (TV)  based  image 
restoration  technique  was  developed  by  researchers  at  Cog- 
nitech,  Inc.  to  enable  accurate  numerical  reconstruction  and 
analysis  of  information  containing  image  features.  White  tradi¬ 
tional  image  processing  algorithms  introduce  blurring  and  ring¬ 
ing  (oscillatory)  artifacts,  the  TV-based  techniques  are  sharp 
and  non-oscillatory.  The  TV  based  image  restoration  tech¬ 
nique  geometrically  amounts  to  minimizing  the  length  of  the 
level  sets  of  a  reconstructed  image,  subject  to  image  degra¬ 
dation  constraints.  In  practical  applications,  one  assumes  a 
space-varying  blurring  kernel  and  multiplicative  noise.  In  TV 
image  restoration,  the  solution  is  obtained  by  solving  a  time- 
dependent,  nonlinear  partial  differential  equation  (PDE)  on  a 
manifold  that  satisfies  the  degradation  constraints. 

We  will  demonstrate  applications  of  the  TV  based  and  other 
modem  CIP  techniques  to  video  evidence  from  actual  criminal 
and  civil  investigations  (e.g.,  investigation  of  homicide,  assault 
during  LA  riot,  insurance  fraud). 
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Let  us  consider  the  following  system  of  two  conservation  laws 
which  represent  the  equations  of  isentropic  gas  dynamics 
The  first  one  is  in  Eulerian  coordinates 

Pt  +  mx  =0 

+  (m2/p  +  s°(p))x  =  0.  (l,r)  6  R+  x  R 

■  1  . 

with  initial  data 

p(0,  x)  =  fl0(r)  €  BV(R)  n  L^R),  p0  >  0, 
m(0,r)  s  mo(sr)  6  BV(R)n  L°°(R),  {'} 


where  p  >  0  is  density  ;  m  =  pu,  u  is  velocity  ;  P(p)  is  pressure, 

P1  >  0  ,  P"  >  0  as  p  >  0 

The  second  one  is  in  Lagrang ton  coordinates 


vt  -  uh  =0 

ut  +  A(v~~’)h  =  0, 


(3) 


where  v  =  1/p  >  0,  h  is  the  Lagrangi<m  coordinate 

A  =  const  >  0,  and  7  >  1 

Concerning  the  problems  (1)  and  (2)  by  means  of  Glimm's 
scheme  (but  not  providing  small  variations  and  maximum  mod¬ 
uli  of  unknowns),  one  obtains  the  following  theorem. 
THEOREM  1.  Suppose  p  >  const  >  0  for  any  x  €  R, 

t  >  0.  Then  there  exists  the  generalized  solution  to  the 

problem  (1),  (2)  in  the  sense  of  distributions  for  any  t  >  0 
The  proof  is  based  on  the  maximum  principle  and  on  smooth¬ 
ness  of  the  curves  in  the  phase  plane  representing  solutions  to 
the  Riemann  problem.  So,  in  general,  it  can  be  transferred  to 
systems  of  n  >  2  conservation  laws. 

THEOREM  2.  The  Cauchy  problem  for  system  (3)  in  the  case 
7  =  3  is  ill-posed  in  the  sense  of  distributions.  Namely,  there 
exists  an  L 1  -converging  sequence  of  initial  data  such  that  the 
corresponding  sequence  of  smooth  solutions  to  (3)  is  noncon- 
vergent  in  the  sense  of  distributions. 

This  fact  is  in  connection  with  the  presence  of  a  vacuum  state 

in  (3). 

“This  research  is  supportedin  part  by  The  Russian  Fund 
of  Fundamental  Researches  under  grant  #  93-01-16090  and 
in  part  by  the  International  fund  “Cultural  Initiative” 
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In  the  case  of  a  single  scalar  hyperbolic  conservation  law 

dt  u  +  diux  f(u)  =  0  u(  ,0)  =  uoi 

it  is  known  that  monotone  conservative  and  consistent  finite 
difference  schemes  on  uniform  grids  converge  to  the  entropy 
solution  at  a  rate  of  O ( \TK~z ) ,  where  A  r  is  the  meshsize.  For 
a  linear  equation,  i.e  when  the  flux  /  is  linear,  it  was  proved 
that  this  convergence  rate  is  optimal.  For  nonlinear  equations, 
there  are  examples  (a  single  shock  wave  or  a  single  rarefaction 
wave)  for  which  the  convergence  rates  are  higher  (0(  A  z)  for 
the  shock  and  0( A  r  |ln  A  r  |)  for  the  rarefaction).  This 
leads  to  the  question  of  whether  convergence  rates  higher  than 
£>(\/A  *)  are  possible  for  monotone  schemes  applied  to  nonlin¬ 
ear  problems,  with  general  initial  data  in  L1  n  i“(l  BV  We 
prove  that  this  is  not  possible  by  constructing  examples  that 
show  the  optimality  of  the  0(i/A  r)  rate  for  general  nonlinear 
fluxes  and  initial  data  in  L1  n  L°°  fl  BV  or  in  L°°  n  BV . 

“This  research  was  supported  by  the  Office  of  Naval  Re¬ 
search  Contract  N0014-91-J1343. 

‘Current  address:  Department  of  Mathematics,  Univer¬ 
sity  of  South  Carolina,  Columbia,  SC  39208. 
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Hyperbolic  systems  in  nonconservation  form  are  now  widely 
used  in  the  mathematical  modeling  of  two-phase  fluid  flows 
In  the  same  manner  as  for  conservative  hyperbolic  systems,  we 
expect  the  formation  of  shocks  in  solutions  after  a  finite  time, 
even  for  smooth  initial  data.  However,  unlike  what  happens  for 
conservative  systems,  one  does  not  dispose  of  any  explicit  jump 
relations  to  characterize  shock  waves  solutions  of  a  system  in 
nonconservation  form  and  even  the  definition  of  shock  waves 
needs  to  be  made  more  precise.  Recalling  that  the  physical 
system  modeling  the  two-phase  flow  is  a  convection-diffusion 
system,  we  define  the  shock  wave  solution  of  the  first  order  sys¬ 
tem  extracted  from  the  second  order  system  as  the  limit,  when 
the  diffusion  is  neglected,  of  traveling  waves  solution  of  the  full 
system.  Next,  it  turns  out  that  the  coefficients  in  front  of  the 
terms  in  nonconservation  form  are  small  and  we  take  advan¬ 
tage  of  this  to  write  explicit  approximate  jump  conditions  for 
the  shock  waves  solutions  defined  above;  our  approximate  con¬ 
ditions  are  obtained  as  an  expansion  of  exact  but  nonexplicit 
jump  conditions.  Furthermore  the  approximate  conditions  can 
be  written  as  a  perturbation  in  nonconservation  form  of  some 
explicit  jump  conditions  in  conservation  form.  We  success¬ 
fully  use  the  approximate  jump  conditions  to  write  a  Roe- type 
numerical  scheme  for  the  solution  of  a  hyperbolic  system  in 
nonconservation  form  modeling  two-phase  fluid  flows 


Riemann  Problem  Solutions  of 
Codimensions  0  and  1 

Stephen  Schecter  a 

Department  of  Mathematics 
North  Carolina  State  University 
Raleigh,  NC  27695-8205 

Dan  Marchesin  b 

Instituto  de  Matemdtxca  Pura  e  Apltcada 
Estrada  Dona  Castorma  110 
Rio  de  Janeiro,  22460  RJ 
Brazil 

Bradley  Plohr  e 

Departments  of  Mathematics  and  of  Applied  Mathematics 
and  Statistics 

State  University  of  New  York  at  Stony  Brook 
Stony  Brook,  NY  11 794-3651 
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For  a  system  of  two  conservation  laws  in  one  space  dimen¬ 
sion,  we  consider  Riemann  problem  solutions  that  are  stable 
to  perturbation  of  the  Riemann  data.  In  other  words,  if  the 
left  state,  right  state,  and  flux  functions  are  perturbed,  there 
is  a  new  Riemann  problem  solution  that  contains  the  same  se¬ 
quence  of  wave  types  as  the  old.  Shocks  are  deemed  admissible 
if  the  viscous  profile  criterion  is  satisfied. 

A  large  (and  probably  complete)  class  of  Riemann  problem  so¬ 
lutions  that  are  stable  in  this  sense  is  identified,  some  of  which 
contain  types  of  shock  waves  that  have  not  previously  appeared 
in  the  literature.  For  a  Riemann  problem  solution  to  be  in  this 
class,  certain  restrictions  on  the  order  of  the  wave  types  must 
be  satisfied,  as  must  an  explicit  set  of  nondegeneracy  condi¬ 
tions.  If  one  nondegeneracy  condition  is  violated,  we  obtain 
a  codimension  one  Riemann  problem  solution,  such  as  those 
that  occur  on  1/ ^-boundaries  in  Riemann  problem  solution  di¬ 
agrams  in  the  literature.  There  is  thus  the  possibility  of  a 
systematic  program  to  understand  codimension  one  Riemann 
problem  solutions. 

I  shall  report  on  progress  to  date  on  this  program.  One  in¬ 
teresting  observation  is  that  the  data  for  a  codimension  one 
Riemann  problem  solution  can  belong  to  a  boundary  between 
two  half-neighborhoods,  one  in  which  the  data  give  rise  to  two 
nearby  Riemann  solutions,  and  the  other  in  which  there  are 
none. 

“Research  supported  by  NSF. 

4 Research  supported  by  NSF,  CNPq,  FINEP  and  the 
U.S.  Department  of  Energy. 

‘Research  supported  by  NSF,  ARO  and  the  U.S.  De¬ 
partment  of  Energy. 
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The  existence  theory  for  systems  of  conservation  laws  is  based 
on  Glimm’s  random-choice  method.  Convergence  of  Godunov’s 
method,  in  which  the  random  choice  is  replaced  by  averaging, 
remains  an  open  question.  Since  averaging  methods  use  less 
information  about  solutions  of  Riemann  problems,  they  are 
simpler  to  implement  numerically.  Harten  and  Lax  have  pro¬ 
posed  a  family  of  intermediate  methods  that  involve  averaging 
over  parts  of  the  solution  to  the  Riemann  problem,  and  re¬ 
tain  the  use  of  a  random  choice  among  these  partial  averages 
They  also  showed  that  these  methods  converge  provided  that 
the  approximants  have  uniformly  bounded  total  variation;  such 
a  bound  was  proven  by  Glimm  for  the  random-choice  method 
We  prove  a  BV  bound  for  an  approximation  of  Harten-Lax 
type  for  the  case  of  pairs  of  conservation  laws  The  approxi¬ 
mation  does  not  average  isolated  shock  waves,  so  such  a  wave 
propagates  undistorted,  as  in  the  random-choice  scheme  The 
BV  bound  is  obtained  by  introducing  an  additional  term  into 
Glimm’s  interaction  potential  to  account  for  the  effect  of  par¬ 
tial  averaging.  A  further  novelty  is  that  the  decrease  over  time 
of  the  potential  occurs  only  for  most  random  choices,  unlike  the 
case  of  Glimm ’s  scheme  in  which  the  random  choice  is  needed 
only  to  obtain  consistency. 
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For  yean  particle  codes  for  solving  the  Boltzmann  Equation 
have  been  heavily  used  by  our  group  in  Kaisenlautern.  For 
an  easy  coupling  of  this  code  to  an  Euler  solver,  we  developed 
a  particle  code  for  solving  the  full  system  of  Euler  equations 
based  upon  a  kinetic  scheme  initially  developed  by  S.  Kaniel, 
S.M.  Deshpande  and  B.  Perthame  Our  scheme  is  consistent 
with  the  anisentropic  system  of  the  Euler  Equations  for  a  gen¬ 
eral  equation  of  state  and  polyatomic  gas  (i.e.  air).  The  code 
works  on  a  smoothed  Voronoi-Triangulation  and  is  of  second 
order  in  space.  To  ensure  this  we  are  going  to  transform  low 
discrepancy  sequences  in  four  dimensions  —  generated  by  the 
very  fast  Kakutani- Transformation  —  to  a  linear  approxima¬ 
tion  of  the  distribution  function  by  a  new  transformation . 

°  Research  of  the  third  author  supported  by  the  Deutsche 
Forschungsgemeinscha/t  throughout  the  Graduiertenkolleg 
Technomathematik  in  Kaiserslautern. 
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Hyperbolic  systems  with  source  terms  arise  in  many  important 
applications.  In  this  t&Jk  we  estimate  the  error  of  Godunov  s 
method  applied  to  a  scalar  equation  with  a  general  non-stiff 
source  term 

U«  +  /(“)*  =  j(u) 

We  use  arguments  due  to  Lucier  [1]  and  extend  his  results 
Furthermore,  error  bounds  for  straightforward  finite  difference 
schemes  including  operator  splitting  methods  are  obtained  by 
comparing  to  Godunov's  method 

The  following  system  with  a  stiff  source  term  arises  in  chro¬ 
matography  [3): 


u«  +  /(u)x  =  j(v  -  A(u)) 


««  =  j(A(u)-t>). 

Here  /  and  A  are  given,  increasing  functions,  and  4  >  0  is  the 
relaxation  time. 

Based  on  4-independent  estimates  of  the  entropy  solution  of 
(1),  which  are  established  in  [2],  the  error  of  Godunov’s  method 
applied  to  (1)  can  be  estimated.  We  derive  an  Z.1 -error  bound 
of  order  A*1/*,  independent  of  the  relaxation  time-  Here  Ar 
is  the  mesh  size. 

The  estimates  of  order  A*1'2  are  optimal,  since  the  corre¬ 
sponding  estimates  for  equations  without  a  source  term  are 
known  to  be  optimal. 

(1]  B.  J.  Lucier,  “Error  Bounds  for  the  Methods  of  Glimm, 
Godunov  and  LeVeque,”  SIAM  J.  Numcr.  Anal.,  vol 
22,  pp.  1074-1081,  1985. 

{2J  A.  Tveito  and  R.  Winther,  “On  the  Rate  of  Convergence 
to  Equilibrium  for  a  System  of  Conservation  Laws  In¬ 
cluding  a  Relaxation  Term,”  preprint,  1994. 

(3)  G  B.  Whitham,  Linear  and  nonlinear  waves,  John  Wiley 
ic  Sons,  1973. 
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The  hyperbolic  initial  boundary  value  problem  in  En  i*  consid¬ 
ered  for  a  layer  between  two  hypersurfaces  with  one  coordinate 
hyperline  orthogonal  to  these  hypersurfaces.  The  thickness  of 
this  layer  is  assumed  to  be  much  less  than  a  characteristic  in¬ 
hypersurface  length.  Expanding  field  functions  in  power  series 
with  respect  to  a  middle  hypersurface  yields  a  degenerate  infi¬ 
nite  system  for  functions  depending  now  on  n  -  1  coordinates. 
Reducing  this  system  allows  us  to  obtain  many  different  ap¬ 
proximations,  i.e.  simplified  models.  The  aim  is  to  derive 
hyperbolic  approximations  degenerate  with  respect  to  one  co¬ 
ordinate,  i.e.  to  construct  a  mapping  En  to  £„_,  satisfying 
the  condition  of  limiting  correctness,  that  is,  the  condition  of 
finite  velocity  of  propagation  of  disturbances  (Selesov,  1969, 
1989).  A  sufficient  condition  is  announced  for  obtaining  hy¬ 
perbolic  approximations:  to  keep  in  infinite  systems  all  space- 
time  differential  operators  up  to  a  given  order.  This  is  proved 
in  the  case  of  £3  considering  the  elastodynamic  problem  for 
the  rectilinear  layer  (Cauchy,  1831;  Poisson,  1832).  The  cum¬ 
bersome  infinite  system  is  split  into  two  independent  systems, 
corresponding  to  symmetric  and  asymmetric  fields,  and  two  hy¬ 
perbolic  approximations  are  obtained  in  both  cases  including 
known  and  new  models. 

The  initial-boundary  value  problem  for  inhomogeneous  quasi- 
linear  systems  of  n,h  order  PDE's  with  unknown  variables  of 
spatial  coordinate  s  and  time  t  is  considered.  After  transition 
to  a  discrete  finite  difference  model,  the  matrix  operator  of 
convective  terms  is  decomposed  by  wave  modes  or  wave  types. 
The  wave  decomposition  is  based  on  the  evidence  that  in  real 
structures  the  wave  energy  is  transported  by  a  discrete  set  of 
wave  modes  in  wave  guides  and/or  the  certain  types  of  wave 
motions.  In  the  case  when  a  coupling  between  the  wave  modes 
is  not  strong,  this  gives  the  basis  to  split  the  operator  and 
then  provide  its  approximate  factorisation.  The  efficiency  of 
the  proposed  approach  is  demonstrated  by  solving  the  problem 
of  transient  motion  of  an  elastic  cable  system  in  flow. 

Some  hyperbolic  models  obtained  as  extensions  of  preliminary 
known  parabolic  models  are  presented  and  briefly  character¬ 
ised.  Examples  include  the  model  of  kinetic  theory  (Maxwell, 
1867),  the  model  of  diffusion  (Davydov,  193S),  the  generalised 
Smolukhovsky  equation  (Devis,  1954),  the  model  of  a  relativis¬ 
tic  elastic  solid  (Bento,  1985),  the  model  of  sediment  evolution 
(Selesov,  1982). 

“This  work  supported  by  the  American  Physical  So¬ 
ciety  and  by  the  Fund  for  Fundamental  Research  of  the 
Ukrainian  State  Committee  on  Science  and  Technology. 
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One  considers  viscous  compressible  flows  for  two-phase  fluids 
The  phases  are  the  liquid  and  the  vapor  of  the  same  compo¬ 
nent  The  extensive  study  about  the  admissibility  of  phase 
boundaries  (Siemrod  et  al  )  has  shown  the  unavoidable  role  of 
the  capillarity.  According  to  Korteweg’s  theory,  capillarity  is 
a  contribution  of  the  density  gradient  to  the  internal  energy 
E  =  e(p,  cVxp)  The  two  phases  correspond  to  domains  where 
the  equilibrium  energy  eo  =  e(  ,0)  coincides  with  its  lower 
convex  envelope.  The  positive  parameter  e  describes  the  small¬ 
ness  of  capillar  effects  as  well  as  viscous  effects.  One  studies 
the  asymptotic  behaviour  of  solutions  (p€,ue)  of  the  general¬ 
ised  Navier-Stokes  equations  as  t  goes  to  zero,  by  means  of  an 
asymptotic  development.  Amplitudes  are  0(1)  for  p  and  0(0 
for  u  whereas,  the  local  wavelength  (let's  speak  about  the  1  -d 
case  for  simplicity)  is  y(t,x)<.  It  turns  out  ths;  Y  is  a  new 
thermodynamic  variable  of  the  flow  (and  the  only  new  one), 
which  plays  the  role  of  an  entropy.  One  gives  a  variational 
formulation  of  Y  in  terms  of  the  averaged  density  and  inter¬ 
nal  energy  (and  usual  entropy  if  relevant).  One  shows  that 
the  macroscopic  flow  does  not  depend  on  the  particular  vis¬ 
cous  law  that  we  may  choose.  However,  studying  the  stability 
of  the  asymptotic  development,  one  shows  that  the  absence 
of  viscosity  makes  it  unstable.  Then  the  behaviour  as  t  goes 
to  zero  obeys  a  different  description,  with  two  new  thermody¬ 
namic  variables  instead  of  one  (this  last  part  in  collaboration 
with  S.  Gavrilyuk,  Novossibirsk). 


“Member  of  the  Institut  Universitaire  de  France. 
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Systems  of  Fully  Nonlinear 
Partial  Differential  Equations 
Derived  from  Hypoplasticity 

Michael  Shearer 

Department  of  Mathematics 
North  Carolina  State  University 
Raleigh.  NC  27695-8205 

Various  properties  of  systems  of  fully  nonlinear  partial  differ¬ 
ential  equations  representing  simplified  hypoplasticity  models 
are  discussed  The  main  simplification  is  to  assume  the  re¬ 
lation  between  stress  rate  and  strain  rate  is  independent  of 
stress  Because  the  equations  are  homogeneous  of  degree  one, 
it  is  straightforward  to  define  shock  wave  solutions.  Admissi¬ 
bility  conditions  for  solutions  of  the  Riemann  problem  are  for¬ 
mulated  in  terms  of  a  scale  invariant  system  of  equations  that 
includes  viscosity  terms.  Similarity  solutions  of  the  viscous 
system  are  studied  using  asymptotic  analysis  as  the  viscosity 
approaches  zero.  For  a  limited  class  of  equations,  it  is  shown 
that  linearized  hyperbolicity  of  the  hypoplasticity  equations 
is  necessary  and  sufficient  for  the  well-posedness  of  Riemann 
problem  Examples  demonstrate  that  linearized  hyperbolicity 
is  in  general  not  sufficient  for  the  existence  and  uniqueness  of 
solutions.  This  issue  raises  interesting  open  questions  regard¬ 
ing  the  hypoplasticity  equations. 


A  New  Genuinely  Two-Dimensional  Scheme 
for  the  Compressible  Euler  Equations  “ 

David  Sidilkover 

Courant  Institute  of  Mathematical  Sciences 
New  York  University 
New  York,  NY  10012 

A  common  approach  towards  the  construction  of  multidimen¬ 
sional  numerical  schemes  for  gas  dynamics  is  dimensional  split¬ 
ting,  i.e.  extending  a  one-dimensional  scheme  to  multidimen¬ 
sions  on  a  dimension-by-dimension  basis  Schemes  created  in 
this  way  are  widely  used  in  practice,  although  there  is  concern 
that  they  may  produce  numerical  artifacts.  Also,  the  steady- 
state  solvers  based  on  such  schemes  suffer  from  poor  com¬ 
putational  efficiency  These  difficulties  motivated  the  search 
for  genuinely  multidimensional  schemes.  Some  genuinely  two- 
dimensional  advection  (scalar)  schemes  have  been  available  al¬ 
ready  for  several  yean,  however,  the  extension  of  these  ideas 
to  systems  of  equations  appeared  to  be  a  difficult  problem. 

In  this  talk,  a  brief  review  of  some  genuinely  two-dimensional 
high-resolution  advection  schemes  will  be  given.  Then  a  robust 
genuinely  two-dimensional  scheme  for  the  compressible  Euler 
equations  will  be  presented.  The  construction  of  this  scheme 
is  based  on  the 

s  observation  that  the  artificial  viscosity  of  some  com¬ 
monly  used  numerical  schemes  for  the  Euler  equations 
in  one  dimension  has  a  certain  very  simple  structure, 

s  generalization  of  the  strategy  used  to  construct  the 
scalar  advection  schemes. 

The  resulting  high-resolution  scheme  is  formulated  on  triangu¬ 
lar  meshes  and  its  basic  version  can  be  interpreted  as  a  truly 
two-dimensional  extension  of  the  Roe  scheme. 

One  of  the  important  advantages  of  this  method  is  that  Gauss- 
Seidel  relaxation  is  stable  when  applied  directly  to  the  high- 
resolution  scheme.  To  our  knowledge  there  is  no  other  high- 
resolution  discretization  scheme  for  the  Euler  equations  in  two 
dimensions  that  achieves  this.  The  efficiency  of  the  result¬ 
ing  multigrid  solver  is  therefore  comparable  to  what  can  be 
achieved  in  the  scalar  case. 

Some  possible  extensions  of  the  truly  multidimensional  ap¬ 
proach  will  be  discussed.  Numerical  experiments  will  be  pre¬ 
sented. 


“This  work  was  supported  by  DOE  grant  DE-FG02- 
92ER25139 
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Blow-Up  of  Solutions  of  Balance  Laws 


C.  Sinestrari 

Univerutd  di  Roma  “Tor  Vergata  " 

Dip.  d\  Matematica.  Via  della  Ricerca  Sctentifica. 
00133  Roma 

A.  Tesei 

Universitd  dt  Roma  “La  Sapienza " 

Dtp.  di  Matematica,  Ptazzale  A  Moro  2, 

00185  Roma 

Presented  by  C.  Sinestrari 

We  consider  the  Cauchy  problem  for  the  scalar  balance  law 


d(u(x,<)  +  J^ds,/.(u(x,t))  =  y(u(x,t))  x  6  Rn.«  >  0. 

•al 

(1) 

We  assume  that  the  initial  value  is  non  negative  and  that 
3(0)  =  0.  Due  to  the  presence  of  the  source  term  I,  the  solu¬ 
tion  may  become  unbounded  at  some  critical  time  T*  <  -f  oo;  if 
this  happens,  we  look  for  continuations  after  the  blow-up  time, 
which  are  locally  bounded  solutions  of  (1),  defined  in  some 
open  connected  set  A,  with  Rn  x  [0,T*j  C  A  C  Rn  x  R_f , 
coinciding  with  u  in  Rn  x  [0.T*]. 

A  way  to  construct  continuations  can  be  described  as  follows. 
We  choose  a  sequence  {y*  }  of  functions,  growing  no  faster  than 
linearly,  converging  to  g  from  below,  and  call  Uj,  the  corre¬ 
sponding  solution  of  (1),  which  is  globally  defined.  It  turns 
out  that  the  sequence  {«*}  is  nondecreasing,  and  that  the  limit 
U  :=  sup  us  is  a  continuation  in  the  maximal  open  connected 
set  A  where  it  is  locally  bounded.  We  call  V  a  monotone  con¬ 
tinuation  of  the  solution  u  of  (1). 

fn  the  one-dimensional  case  we  can  describe  in  detail  the  prop¬ 
erties  of  monotone  continuations. 

Theorem.  Consider  equation  (1)  with  n  =  1.  Suppose  that 
f  is  strictly  convex,  that  /( u)  —  oo  as  u  —  oo  and  that  the 
initial  value  has  compact  support.  Let  u  he  a  eolation  which 
becomes  unbounded  at  time  T* ,  and  let  U  be  a  monotone 
continuation  of  u,  defined  in  the  open  set  A.  Then  either 
A  =  RxR+,  or  it  has  the  form 

A  =  {(x,t)  :  t  >  0,x  <  x< 

where  x  :  [0,  oo[  —  R  satisfies 

(1)  x(0  S  oo  for  t  <  T*.  oo  <  x(»)  <  oo  /o<  t  >  T* ; 

(U)  for  any  t  >Tm,  <7(x,  t)  —  oo  as  r  —  x(t)  from  the  left; 
(ill)  there  exists  a  constant  C  such  that 

X(0  -  X<»)  <  C(t  -  s),  Vt  >  s  >  T*. 

In  particular,  x  €  BV'loe((T* ,  oo{). 

Using  this  result,  we  can  give  an  axiomatic  characterization 
of  monotone  continuations,  which  yields  an  uniqueness  result, 
and  allows  us  to  compute  explicitly  the  continuation  for  some 
classes  of  initial  data. 


Interrelationships  Between  Viscous 
and  Relaxation  Limits  for 
Hyperbolic  Systems  of  Conservations 
Arising  in  Gas  Dynamics 

M.  Slemrod 

University  of  Wisconsin.  Madison 

The  speaker  will  survey  investigations  into  the  role  of  viscos¬ 
ity  and  relaxation  for  the  hyperbolic  systems  describing  gas 
dynamics  Both  kinetic  and  continuum  theories  are  discussed 
Numerical  experiments  will  also  be  provided 
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Shock  Waves  and  General  Relativity  Flame  Tracking 

Joel  Smoller 

Math  Department 
University  of  Michigan 
Ann  Arbor,  MI  48109-1003 

A  general  form  of  obtaining  shock-wave  solutions  to  the  Ein¬ 
stein  equations  is  outlined  This  involves  matching  two  met¬ 
rics.  Lipehitz  continuously  across  a  surface  of  discontinuity  of 
the  fluid  variables,  and  involves  some  geometric  conditions 
Possible  applications  to  both  cosmology,  and  stellar  dynamics 
will  be  discussed 

Associated  with  the  simulation  of  low-speed  flame  combustion 
are  two  particular  difficulties  that  we  address  in  this  work 
The  first  difficulty  arises  from  the  wide  separation  of  scales  be¬ 
tween  the  chemically  induced  length  and  time  scales  and  the 
flow  scales.  In  this  present  work  this  problem  is  addressed 
by  considering  the  flame  as  a  discontinuity  The  approach 
to  shock  tracking  based  on  high  resolution  wave  propagation 
methods  proposed  by  R.J.  LeVeque  has  been  extended  in  or¬ 
der  to  account  for  the  tracking  of  flames.  In  one  space  di¬ 
mension  an  underlying  uniform  gnd,  on  which  high  resolution 
shock-capturing  methods  are  applied,  is  used  with  additional 
grid  interfaces  introduced  at  appropriate  points  for  tracked 
flames.  Conservative  high  resolution  methods  based  on  the 
large  time  step  wave  propagation  approach  are  used  on  the 
resulting  nonuniform  grid. 

The  second  difficulty  is  to  account  for  the  large  heat  release  and 
the  associated  changes  of  density  and  flow  velocity  across  the 
flame  surface.  To  this  end  we  incorporate  the  exact  Riemann- 
solver  that  includes  a  flame  discontinuity  in  the  wave  prop¬ 
agation  algorithm.  For  the  unique  solution  of  the  Riemann- 
problem  we  prescribe  a  state  dependent  laminar  burning  veloc¬ 
ity  s £  which  also  accounts  for  nonlinear  flame  acceleration  by 
preheating  through  compression  waves.  Furthermore,  a  turbu¬ 
lent  flame  surface  area  increase  A,  yielding  a  turbulent  burn¬ 
ing  velocity  sy  =  A  ■  «£,  is  introduced  in  order  to  simulate 
turbulence-induced  flame  acceleration. 

As  an  example  we  consider  a  model  for  the  deflagration  to 
detonation  transition  (DDT).  Combustion  affects  this  flow  in 
two  ways;  complete  burning  in  a  turbulent  flame  with  a  pre¬ 
scribed  time  dependent  flame  surface  area  increase  A(t)  in¬ 
teracts  with  an  Arrhenius-type  autoignition  chemistry  in  the 
unbumt  gases,  which  we  account  for  by  a  standard  operator 
splitting  technique-  The  computation  exhibits  the  generation 
of  acoustic  waves  and  the  final  transition  to  detonation  through 
a  SWACERrlike  mechanism,  triggered  by  acoustic  waves 


“Deutsche  Forschungsgemeinschaft 


Via  Wave  Propagation  Methods 
Vanco  Smiljanovski  and  Rupert  Klein  “ 
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On  Discrete  Travelling  Shocks 
of  Conservation  Laws 


Unsteady  Transparent  Boundary  Conditions 
for  Transonic  Flow  Problem  in  Windtunnel 


Yioigos  S.  Smyrlis 

Department  of  Mathematics  and  Statistics 
University  of  Cyprus 
P.O.Box  537 
Nicosia,  Cyprus 

We  study  the  behaviour  of  finite  difference  schemes  approxi¬ 
mating  solutions  with  shocks  of  conservation  laws. 

The  sharps  shocks  of  the  exact  solutions  of  scalar  conser¬ 
vation  laws  are  hardly  reproduced  when  those  are  approx¬ 
imated  by  finite  difference  schemes.  When  a  finite  differ¬ 
ence  scheme  introduces  artificial  numerical  diffusion,  for  ex¬ 
ample  the  Lax- Friedrichs  scheme,  we  experience  smearing  of 
the  shocks,  whereas  when  a  scheme  introduces  numerical  dis¬ 
persion,  for  example  the  Lax-Wendroff  scheme,  we  experience 
oscillations  on  both  sides  of  the  shock. 

Gray  Jennings  studied  approximation  by  monotone  schemes. 
These  contain  artificial  viscosity  and  they  are  first  order  accu¬ 
rate  ;  they  are  known  to  be  contractive  in  the  sense  of  any  tp 
norm.  Jennings  showed  existence  and  I1  stability  of  travelling 
discrete  smeared  shocks  for  such  schemes. 

Smyrlis,  in  his  dissertation  studied  similar  questions  for  the 
Lax-Wendroff  scheme  without  artificial  viscosity  ;  this  is  a  non¬ 
monotone,  second  order  accurate  scheme.  He  proved  existence, 
pararaetrization  and  stability  of  stationary  profiles  for  the  Lax- 
Wendroff  scheme. 

In  the  present  work  we  study  questions  of  existence  and  stabil¬ 
ity  of  travelling  profiles  for  the  the  same  scheme.  Stability  is 
defined  in  the  sense  of  a  suitably  weighted  I3  norm.  The  work 
relies  on  examination  of  the  linearized  Lax-Wendroff  scheme 
around  the  travelling  shock. 


I.  L.  Sofronov 

Keldysh  Institute  of  Applied  Mathematics 
Russian  Academy  of  Sciences,  Miusskaya  Sq  .  4. 

Moscow  1250^7  Russia 
Fax:  (095)  972  0737 

A  flow  problem  in  infinitely  long  windtunnel  with  subsonic  in¬ 
let  is  considered,  flow  unsteadiness  and  local  supersonic  zones 
induced  by  a  streamlined  body  are  admitted  In  order  to  bound 
the  computational  domain  the  nonlocal  artificial  boundary  con¬ 
ditions  on  some  front  and  back  crossections  are  suggested  The 
conditions  are  obtained  by  using  unsteady  Euler  equations 
linearized  around  the  free-stream  uniform  flow  To  find  the 
analytical  expressions  for  the  conditions  the  auxiliary  initial 
boundary  value  problems  in  the  left  of  a  front  crossection  and 
in  the  right  of  a  back  crossection  are  investigated  The  equiv¬ 
alency  of  flow  problem  with  the  obtained  conditions  and  flow 
problem  in  infinitely  long  windtunnel  is  proved  provided  that 
flow  is  governed  by  linearized  equations  outside  the  computa¬ 
tional  domain.  The  questions  of  incorporating  such  conditions 
into  difference  schemes  inside  the  computational  domain  are 
discussed. 
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A  Level  Set  Approach  for 
Computing  Solutions  to 
Incompressible  Two-Phase  Flow 


A  “Non-Overlapping” 

Composite  Grid  Scheme  for  the 
Solution  of  the  Advection  Equation 
in  2  Dimensions 

Mark  Sussman,  Peter  Smereka,  and  Stanley  Osher 
L.  G.  Stern  a  Department  of  Mathematics 

Department  of  Applied  Mathematics  University  of  California 

University  of  Washington  ^os  Angeles.  CA  900S4 


The  use  of  composite  grids  can  avoid  the  bottleneck  of  gener-  Presented  by  Mark  Sussman 

ating  structured-grid  for  time-accurate  solution  of  hyperbolic 

conservation  laws  in  multiple  dimensions.  A  fitted  grid  can  be  A  ,eve,  uc  *ppr0ach  fot  computing  solutions  to  incompressible 

generated  near  a  solid  body  fairly  easily,  while  in  the  far  field  two  phase  flow  it  presented  The  interface  between  the  two  flu- 

a  Cartesian  grid  can  be  used.  In  contrast  to  the  overlapping  id,  „  conlidered  to  be  sharp  and  is  described  as  the  aero-level 

composite  gnd  methods  used  by  G.  Cheashire,  W.  Henshaw,  et  of  a  imooth  function.  We  use  knowledge  from  computing 

*'•  Wep™p0“  &ll0'*,n*  th'  bod>-fitted,  8"d  patch  to  cut  into  nonlinear  PDE's  in  order  to  efficiently  maintain,  for  all  time 

the  neighboring  gnd.  With  traditional  explicit  methods,  the  and  without  explicitly  finding  or  reconstructing  the  interface 

irregular  small  cells  thus  created  would  cause  severe  time-step  the  levei  function  as  the  signed  distance  from  the  mter- 

restnctions.  This  restriction  can  be  overcome  by  adapting  the  faee.  Consequently,  we  are  able  to  handle  arbitrarily  complex 

idea  of  A-boxes  (A  —  Ar),  as  used  by  M.  Berger  and  R.  LeVeque  topologies,  large  density  and  viscosity  ratios,  and  surface  ten¬ 
on  purely  Cartesian  gnds,  for  use  on  composite  grids.  This  ap-  sion,  on  relatively  coarse  grids.  We  use  a  second  order  projec- 

proach  has  been  analysed  in  one  space  dimension  and  shown  to  tion  method  along  with  a  second  order  upwinded  procedure  for 

yield  high  order  methods  on  arbitrary  gnds.  A  composite  grid  advecting  the  momentum  and  level  set  equations.  We  consider 

method  for  the  JD  advection  equations  has  been  developed  the  motion  of  ur  bubbles  and  water  drops, 

based  on  a  high-resolution  wave  propagation  method  for  the 
advection  equation.  This  approach  should  extend  to  systems 
of  conservation  laws  such  as  the  Euler  equations  as  well. 

“Supported  in  part  by  NSF  grants  DMS-9204329  and 
DMS-9303404. 
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Stability  of  Viscous  Rarefaction  Waves 


Micro  Void  Production  in  RTM 


Anders  Szepessy 

SADA 

Royal  Institute  of  Technology 
S-100  44  Stockholm 

l  will  discuss  joint  work  with  Kevin  Zumbrun.  Indiana  Univ. 
on  the  time  asymptotic  stability  of  weak  rarefaction  waves  for 
viscous  strictly  hyperbolic  systems  in  one  dimension  We  treat 
localized  perturbations  with  small  mass  and  use  pointwise  es¬ 
timates  which  are  inspired  by  the  work  of  Liu  and  Zumbrun  on 
under-compressive  shocks.  The  estimates  are  based  on  integral 
representations  derived  by  approximate  Green’s  functions  and 
careful  use  of  che  Hopf-Cole  transformation 
One  aspect  of  the  study  is  that  the  perturbed  mass,  compared 
to  an  approximate  viscous  “Burgers"  rarefaction  wave,  is  grow¬ 
ing  logarithmically  with  time  t.  As  a  consequence,  the  ampli¬ 
tude  of  the  perturbation  in  a  linear  degenerate  transversal  held 
is  log!)  while  it  is  0(t~ll3)  in  a  genuinely  nonlinear 

transversal  Aeld,  which  is  also  an  important  ingredient  in  the 
stability  proof. 
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Presented  by  F.M.  Tangerman 

Micro  void  reduction  is  a  major  issue  in  the  construction  of  re¬ 
liable  light  weight  components  through  Resin  Transfer  Molding 
(RTM)  Since  the  amount  of  micro  voids  produced  strongly  de¬ 
pends  on  process  conditions  and  on  resin  front  interactions  dur¬ 
ing  filling,  mold  and  process  design  benefit  from  numerical  sim¬ 
ulations  of  the  process  We  developed  unsaturated  flow  models 
for  micro  void  production,  which  we  simulated  through  front 
tracking  techniques.  We  demonstrate  their  accuracy  through 
comparison  with  experimental  data 


The  Big  Bang 
or 

Have  You  Ever  Seen  An  Explosion 
Without  a  Shock  Wave  Before? 

Blake  Temple 

VC  Davis 

I  will  ditcuz*  the  luue  of  irreversibility  in  Einstein  'heory  of 
gravitation  as  it  relates  to  our  recent  paper  Shock  ue  Solu¬ 
tions  oj  the  Einstein  Equations:  The  Oppenheimcr-Snyder 
Model  of  Gravitational  Collapse  Extended  to  the  Case  of 
Non-Zero  Pressure,  all  of  which  is  joint  work  with  J  Smoller 
In  this  paper  we  explicitly  construct  spherically  symmetric 
shock  wave  solutions  of  the  Einstein  gravitational  Held  equa¬ 
tions  for  a  perfect  fluid  by  matching  the  Robertson- Walker  (R- 
W)  to  the  Interior  Schwarsschild  (I-S)  metnc  at  shock  wave 
interfaces  across  which  the  gravitational  metnc  is  Lipschits 
continuous.  The  R-W  metric  is  a  uniformly  expanding  solu¬ 
tion  of  the  Einstein  equations  which  is  generally  accepted  as 
a  model  for  the  universe  at  large;  and  the  I-S  solution  is  a 
time-independent  solution  which  models  the  interior  of  a  star 
Both  metncs  are  spherically  symmetric  in  a  radial  variable,  and 
both  are  determined  by  a  system  of  OOEs  that  close  when  an 
equation  of  state  for  the  fluid  is  specified.  In  our  dynamically 
matched  solution,  we  imagine  the  R-W  metric  as  an  exploding 
inner  core  (of  a  star  or  the  universe  as  a  whole),  and  the  bound¬ 
ary  of  this  inner  core  is  a  shock  surface  that  is  driven  by  the 
expansion  behind  the  shock  into  the  static  I-S  solution,  which 
we  imagine  as  the  outer  layers  of  a  star,  or  the  outer  regions 
of  universe.  Our  solution  solves  the  problem  first  posed  by 
Oppenheimer-Synder  (O-S)  in  1939  of  extending  their  solution 
to  the  case  of  non-zero  pressure.  The  O-S  model  is  obtained 
by  matching  the  R-W  metric  to  the  empty  space  Schwarsschild 
metric,  and  since  in  this  case  mass  and  momentum  cannot  cross 
the  interface,  (which  in  this  case  models  the  surface  of  a  star), 
and  keep  the  outer  solution  empty,  O-S  must  make  the  well 
known  unphysical  assumption  that  the  pressure  be  identically 
zero  inside  the  star.  In  the  classical  theory  of  shock  waves,  the 
interface  of  O-S  solution  is  a  contact  discontinuity,  and  this 
means  that  the  solution  is  time-irreversible.  In  contrast,  our 
shock-wave  solution  in  which  p  ^  0  is  an  irreversible  solution 
of  the  Einstein  gravitational  field  equations  in  which  the  irre¬ 
versibility,  loss  of  information,  and  increase  of  entropy  in  the 
fluids  puts  irreversibility  into  the  dynamics  of  the  gravitational 
Held. 


Linearized  Asymptotic  Inversion 
in  the  Presence  of  Caustics 

A. P  L  ten  kroodr  ami  D  -l  Sunt 

honinkhjke/Shell  Exploratie  en  Produktie  Laborator  ium 
l  oimrHaan  » 

2288  GD  Rtjsunjk  the  Netherlands 
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Piesented  by  A  P  E.  ten  Kroode 

In  modern  high  frequency  inversion  of  acoustic  scattering  data, 
standard  ray  theoretic  methods  play  an  important  role,  since 
the  inversion  operation  is  usually  formulated  in  terms  of  trav- 
eltimes  and  amplitude  functions  computed  along  the  rays  In 
this  approach  one  formulates  the  inversion  procedure  in  terms 
of  a  Fourier* integral  operator  acting  on  the  scattering  data 
It  is  well  known  that  this  Fourier- integral  operator  reproduces 
the  most  singular  part  of  the  scattering  potential,  provided 
that  there  are  no  multiple  ray  paths  between  any  two  points  in 
the  medium  This  rules  out  many  practical  situations  in  which 
caustics  in  the  ray  field  are  present 

We  show  that  the  inversion  technique  mentioned  above  can  be 
extended  to  allow  for  caustics.  The  key  is  to  replace  standard 
ray  theoretic  expansions,  which  break  down  in  caustic  points, 
by  uniform  asymptotic  expansions-  The  operator  T  relating 
high-frequency  scattering  data  to  the  scattering  potential  is 
still  a  Fourier- integral  operator  in  this  case  Its  mvertibii- 
ity  boils  down  to  the  behaviour  of  the  operator  We 

show  that  this  operator  can  be  written  as  the  sum  of  a  pseudo- 
differential  operator  and  a  non-local  Fourier- integral  operator 
and  establish  that  the  non-local  part  is  harmless  in  a  functional 
analytical  sense  We  also  give  explicit  inversion  operators 
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On  Integro- Differential  Hyperbolic  Systems 
Modelling  Free  Boundary  Shear  Flows 
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Lavrentyev  Institute  of  Hydrodynamics 
Siberian  Branch  of  Russian  Academy  of  Sciences 
Novosibirsk,  630090,  RUSSIA 
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Integra-differential  system*  of  the  form 

U,  +  A<UX>  =  0  (U  =  t/(*,t,A)) 

arise  a*  a  long  wave  approximation  in  modelling  plane  wave 
motions  of  vortical  ideal  fluid  of  finite  depth  under  gravity 
Here  A  it  the  special  linear  integral  operator  acting  nonlocally 
with  respect  to  Lagrangian  variable  A  (A  depends  on  (/).  We 
develop  mathematical  theory  for  problems  involving  the  sys¬ 
tems  with  operator  coefficients  based  on  the  generalisations  of 
the  hyperbolicity  concept  and  methods  applied  in  the  theory 
of  hyperbolic  systems.  The  discrete  and  continuous  spectrum 
of  characteristic  velocities  and  hyperbolicity  conditions  are  ob¬ 
tained  for  both  equations  of  incompressible  and  compressible 
barotropic  flows.  The  local  correctness  of  Cauchy  problem  for 
these  systems  is  established  when  initial  data  satisfy  hyperbol¬ 
icity  conditions. 

The  divergence  form  of  the  systems  determining  discontinu¬ 
ous  solutions  is  proposed  and  properties  of  jump  conditions 
are  studied.  Jump  conditions  include  differential  relations  be¬ 
tween  flow  parameters  at  both  sides  of  discontinuity.  Admis¬ 
sible  shocks  and  simple  waves  are  classified.  The  statement  of 
the  Riemann  problem  is  discussed.  This  model  describes  new 
type*  of  hydraulic  jump  on  the  flow  with  nontrivial  vertical 
structure  of  horizontal  velocity  fields. 
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The  investigation  of  shock  wave  interactions  with  obstacles 
(diffraction,  reflection  etc.)  is  of  fundamental  and  practical 
interest.  For  high  Reynolds  numbers  the  Eulenan  imviscid. 
non-heat-conducting)  gas  model  it  widely  used  providing  rea¬ 
sonable  results.  Because  the  total  number  of  mesh  points  is 
typically  determined  by  the  desirable  resolution  at  discontinu¬ 
ities,  dynamic  adaptation  of  the  grid  to  the  solution  and  high- 
accurate  methods  might  save  considerably  computer  memory 
and  CPU  time  consumption  The  respective  numerical  tech¬ 
nique  baaed  on  adaptive  unstructured  triangular  grids  and  high 
resolution  Godunov-type  scheme  has  been  previously  devel¬ 
oped  by  the  authors  The  numerical  results  [1-4]  have  demon¬ 
strated  a  high  accuracy,  efficiency  and  reliability  of  the  method 
for  a  wide  range  of  transient  shocked  problems.  However,  for 
separated  flows  it  fails  to  predict  properly  the  location  of  sepa¬ 
ration  points,  the  gaadynamic  parameters  on  the  body  surface 
and  surrounding  wave  pattern  The  present  study  is  aimed  to 
extension  of  the  above  approach  in  such  a  way  as  to  take  into 
account  viscous  forces,  primarily  near  solid  surfaces 
The  full  Navier-Stoke*  equations  written  in  an  integral  form 
with  respective  boundary  and  initial  conditions  underlie  the 
mathematical  model.  To  approximate  adequately  viscous 
terms  near  solid  wall  at  high  Reynolds  number,  thin  layer  (the 
thickness  depends  on  Reynolds  number)  of  non-uniform  struc¬ 
tured  rectangular  grid  is  generated  along  body  surface  The 
rest  of  the  computational  domain  is  covered  by  an  unstruc¬ 
tured  triangular  grid.  In  the  course  of  computation  the  un¬ 
structured  grid  is  adapted  to  the  solution  using  hierarchical 
refinement/unrefinement  procedure.  The  structured  grid  re¬ 
mains  fixed. 

For  both  grids  we  establish  nonoverlapping  control  volumes 
The  numerical  methods  are  formulated  in  terms  of  fluxes 
through  the  volume  faces.  An  unsplit  explicit  technique  is 
employed  on  unstructured  grid  for  time  step  operator.  The 
inviscid  (convective)  terms  are  approximated  by  high-order 
Godunov-type  scheme  [2-4]  while  central  differences  are  ap¬ 
plied  to  viscous  terms. 

For  structured  grid  the  time  step  operator  is  split  according  to 
physical  processes.  To  compensate  partially  severe  limitation 
of  the  time  step  the  inviscid  operator  is,  in  turn,  split  in  space 
The  respective  one-dimensional  operators  are  approximated  by 
the  ID  version  of  the  above  Godunov-type  scheme.  The  vis¬ 
cous  operator  is  unspiit  and  contains  central  differences  writ¬ 
ten  implicitly  in  time.  The  implicit  approximation  is  employed 
only  for  terms  with  second  derivatives  along  normal  direction 
to  the  body  surface.  The  resulting  set  of  linear  difference  equa¬ 
tions  with  block  tridiagonal  matrix  of  coefficients  is  solved  by 
the  block  Thomas  algorithm.  A  predictor-corrector  procedure 
allows  to  enhance  temporal  accuracy  for  all  operators. 

“This  work  is  partially  supported  by  Russian  Founda¬ 
tion  of  Fundamental  Investigations  (Grants  No.  93-02- 
14797  and  No.  94-01-01456-a),  International  Science  Foun¬ 
dation  (personal  short-term  research  grants  for  second, 
third  and  fourth  authors)  and  Friedrich  Alexander  Univer¬ 
sity  Erlangen  Numberg  (Contract  No.  FAU4001-01IR303) 
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The  above  approach  has  been  applied  to  the  computation  of 
shock  wave  (M$  =  3  0)  diffraction  over  a  circular  cylinder  in 
CO2  (7  =  l  289),  the  Reynolds  number  is  about  105  Com¬ 
parison  between  experimental  data  and  computational  results 
based  on  Euler  and  Navier-Stokes  models  is  performed  show- 
ing  a  good  quality  of  viscous  computations  which  describe  cor¬ 
rectly  the  development  of  separation  and  the  location  of  sepa¬ 
ration  points 

[1]  A.  A  Fursenko,  D  M  Sharov,  E  V  Timofeev,  and  P  A 
Vomovich,  Computers  and  Fluids,  vol  21,  pp  377-396, 
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(3)  A  A  Fursenko,  D  M.  Sharov,  E  V  Timofeev,  and  P  A 

Vomovich,  Lecture  Notes  in  Physics ,  vol.  414,  pp.  250- 
254,  1993 

[4]  A  A.  Fursenko,  Proc.  5th  Int  Symp  on  CFD,  Sendai, 
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Two  and  Three  Dimensional 
WAF-Type  Finite  Volume  Schemes 

E.  F.  Toro  and  S  BiUett 

Department  of  Mathematics  and  Physics 
Manchester  Metropolitan  University 
Chester  Street,  Manchester,  Ml  5GD ,  England 

Presented  h»  E.  F.  Toro 

We  present  finite  volume  schemes  for  two  and  three  dimension¬ 
al  systems  of  non-linear  hyperbolic  conservation  laws  These 
are  based  on  interceJl  numerical  flux 

Fi+i.j.* =  irtvh)  Jg 

where  (J *  is  the  solution  of  local  initial  value  problems.  At  is  a 
time  step,  /  is  a  spatial  integration  domain  and  V(()  is  its  vol¬ 
ume  Particular  choices  off/*,  At,  /,  and  integral-evaluation 
schemes  produce  generalizations  of  familiar  numerical  meth¬ 
ods,  such  as  the  Lax-WendroflT  and  Warming- Beam  schemes 
In  this  paper  we  first  study  schemes  for  the  two  and  three  di¬ 
mensional  linear  advection  model  equation  and  then  present 
two  possible  ways  of  extending  one  of  these  schemes  to  multi¬ 
dimensional  non-linear  systems. 

First  we  derive  schemes  on  the  model  equation  that  result  from 
choosing  (i)  At  consistent  with  a  Courant  number  unity  as¬ 
sumption,  (ii)  U*  is  the  solution  of  the  multi-dimensional  Rie- 
mann  problem  and  (iii)  /  is  the  box  surrounding  the  relevant 
intercell  boundary  and  whose  quadrilateral  faces  pass  through 
the  center  of  each  neighbouring  cell.  Various  integration  rules 
are  then  applied,  including  exact  integration  Several  numeri¬ 
cal  schemes  of  first  and  second  order  accuracy  with  good  sta¬ 
bility  properties  are  obtained.  Strategies  for  oscillation-free 
versions  of  the  schemes  are  discussed.  Then  we  select  a  par¬ 
ticular  scheme  and  put  forward  two  ways  of  extending  it  to 
multi-dimensional  non-linear  systems.  We  illustrate  the  ideas 
on  the  time-dependent,  two-dimensional  non-linear  shallow  wa¬ 
ter  equations.  Fig.  8  shows  a  sample  numerical  solution  of  a 
Mach  reflection  problem  in  shallow  water 
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Generalized  Roe’s  Solver 
for  a  Two-Fluid  Model 
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French  Atomic  Energy  Commission 
CE  Saclay,  DMT/SERMA,  91191  Gif  sur  Yvette  Cedei, 
France 

The  model  considered  here  is  a  first  order  equal  pressure  six 
equation  two-fluid  model  If  we  take  the  exception  of  the  m- 
terfacial  pressure  term,  which  contains  partial  derivatives,  the 
other  terms  of  mass  and  momentum  transfer  between  phases 
are  given  by  algebraic  relationships.  They  will  appear  as  source 
terms  of  the  model  The  resulting  model  is  a  nonconservative 
hyperbolic  one,  consisting  in  mass,  momentum  and  energy  bal¬ 
ance  equations  for  each  Jfc-phase 


In  practice  this  new  numerical  method  has  proved  tu  •  . 
and  capable  of  generating  accurate  non-oscillat mg  soh.r 
two-phase  flow  calculations  The  scheme  was  applie-i 
shock  tube  problems  and  to  standard  test  for  rwo-fl.j 
puter  codes 

[ij  D  R  Liles  adn  W  H  Reed,  J  Comput  Phys 
p.  77,  1978 

[2]  P  L  Roe.  J  Comput  Phys  .  vol  43,  p  357.  1981 

[3]  I  Toumi,  J.  Comput  Phys  ,  vol  102,  p  360.  19:' 2 


St(“kPk)  +  dx{<*kPkuk)  =  0 

at(<*kPkuk)  +  ax(<*kPk'A)  +  akaxP  +  (P  -  P,)3ia*  =  0 

at(<*kPkEk  +  Pat<*k  +  ax(-^kPkukEk  +  “*P“(fc)  =  0 

The  most  common  approach  solving  these  equations  is  numeri¬ 
cal  method  based  on  staggered  grids  and  donor-cell  differencing 
[1].  This  method,  now  almost  universal  in  two-fluid  computer 
code  introduces  a  large  amount  of  numerical  diffusion.  More¬ 
over,  high  frequency  oscillations  may  appear  with  a  large  num¬ 
ber  of  cells.  The  nonconvergence  of  the  results  may  be  due 
either  to  the  ill-posed  character  of  the  model  or  to  the  numer¬ 
ical  scheme. 

Here,  we  present  a  numerical  method  based  upon  a  generalized 
Roe's  approximate  Riemann  solver.  Such  numerical  schemes 
are  widely  used  for  hyperbolic  systems  of  conservation  laws 
The  linearised  approximate  Riemann  solver  of  Roe  [2]  was  pro¬ 
posed  for  the  numerical  solution  of  the  Euler  equations  gov¬ 
erning  the  flow  of  an  ideal  gas.  A  weak  formulation  of  Roe’s 
approximate  Riemann  solver,  based  on  the  choice  of  a  path  ♦ 
in  the  state  space,  has  been  introduced  in  [3]  to  cope  with  arbi¬ 
trary  equation  of  states.  This  weak  formulation  was  applied  in 
order  to  build  a  Roe-averaged  matrix  for  a  conservative  system 
governing  a  homogeneous  equilibrium  two-phase  flow.  Here, 
we  extend  this  method  to  a  hyperbolic  nonconservative  system 
that  models  a  two-component  two-phase  flow. 

The  construction  of  this  approximate  Riemann  solver  uses  a 
linearization  of  the  nonconservative  products  in  the  system  ( 1 ), 
and  an  extension  of  Roe's  method.  Precisely,  we  consider  ap¬ 
proximate  solutions  to  the  Riemann  problem  for  the  system  ( 1 ) 
which  are  exact  solutions  to  the  approximate  linear  problem: 

+  A(u£,  ur)^8iu  —  0 
u(*,0)  =  ut(*  <  0),  u(x,0)  =  uR(r  >  0) 

where  A( is  a  constant  matrix  satisfying  a  generalize- 
jump  condition: 


*(“£,.  UR)*(UR  ~  «£> 
rl 


•£ 


a*, 


(*,“£,  ur)  <** 


To  construct  such  matrix  we  follow  the  method  introduced  in 
[3],  where  the  main  feature  is  the  choice  of  the  canonical  path 
for  a  parameter  vector  tv : 


*(».“£. «R)  =  +  »(,UR  -  u>l)) 

with  the  parameter  vector  chosen  as  follow 


w  =  (y/pc,  y/p{  1  -  e),ypeu«, 

\/l>(  1  -  e)u| ,,/peHv,  \/p(l  -  e)Jf|). 
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The  one  dimensional  system  (consisting  of  mass,  impulse  and 
energy  conservation  laws)  is  considered.  The  global  existence 
theorem  of  functional  solution  is  proved  for  Cauchy  problem  in 
this  case  The  initial  date  are  arbitrary  locally  bounded  func¬ 
tions.  So,  any  finite  value  and  types  of  discontinuity  for  initial 
date  are  possible  The  previous  article  [1]  of  Liu  Tai-Ping  con¬ 
nected  with  above  mentioned  problem  is  more  restrictive  (the 
small  variation  of  initial  date  is  supposed).  The  global  solu¬ 
tion  is  limit  of  weakly  convergent  approximations  of  viscosity 
method.  The  approximations  belong  to  the  space  of  locally 
summable  functions.  The  background  of  global  existence  the¬ 
orem  is  based  on  functional  solutions  theory  [2]  produced  by 
V.A.  Galkin. 

(1J  Tai-Ping  Liu,  “Solutions  in  Large  for  Equations  of  Non- 
isentropic  Gas  Dynamics,”  Indiana  Univ.  Math  J.,  vol. 
26,  pp  147-177,  1977. 

[2]  V.A.  Galkin,  “Functional  Solutions  of  Conservation  Laws,” 
Sov.  Phys.  Dokl.,  vol  35,  pp  133-135,  1990. 
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Conservation  laws  with  relaxation  terms  appear  in  a  series  of 
important  applications,  cf.  [1,2,3]  and  references  given  therein 
We  analyze  a  system  of  conservation  laws  of  the  following  form, 

(u  +  v  )t  +  /(u  )x  =  0  ((J  1  j 

Svt  =  A(u)  —  v 

Here  /  and  A  are  given  functions,  u  and  v  are  the  unknowns 
and  b  >  0  is  referred  to  as  the  relaxation  time  The  function 
A(u)  is  an  increasing  function  of  u.  A  physical  motivation  for 
this  problem  is  discussed  in  [3]. 

Formally,  by  letting  6  tend  to  zero  in  (0.1),  we  get  a  scalar 
conservation  law  of  the  following  form 

(tv  +  A(to))e +  /(«>)*  =  0  (0  2) 

The  purpose  of  this  talk  is  to  present  the  results  derived  in  [2] 
concerning  the  convergence  of  the  solutions  of  the  system  (0  1) 
towards  the  solutions  of  the  equation  (0  2)  as  6  tends  to  zero 
Theorem  o.i  Let  be  a  pair  of  initial  data  satisfy¬ 

ing  i)  (u°,v°)(x)  €  [0,  1]  X  [0,  1]  for  all  r,  ii)  (u°,v°)  €  BV . 
and  tit)  ||A(u°)  —  u°||  j  <  MS.  Furthermore,  the  initial  con¬ 
dition  for  the  scalar  eguatton  (0.2)  is  given  by  w°  —  u° 
Then,  for  any  T  >  0,  there  is  a  finite  constant  M  such  that 

|(u(-,  ()  -  w(  ,t)lh  <  MSt/3  for  all  0  <  t  <  T 

Here  (u,v)  and  w  are  solutions  of  (0.1)  and  (0.2)  respec¬ 
tively.  0 

[1]  G.  Q.  Chen,  C.  D.  Levermore,  and  T.  P  Liu,  “Hyperbolic 

Conservation  Laws  with  Stiff  Relaxation  Terms  and 
Entropy,"  submitted  to  Commun.  Pure  Appl.  Math., 
February  27,  1992. 

[2]  A  Tveito  and  R.  Winther,  "On  the  Rate  of  Convergence 

to  Equilibrium  for  a  System  of  Conservation  Laws  In¬ 
cluding  a  Relaxation  Term,”  preprint,  1994 

[3]  G.  B.  Whitham,  Linear  and  Nonlinear  Waves,  John  Wiley 

Si  Sons,  1973. 
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Since  1990  it  has  been  known  that  local  preconditioning  of  the 
Euler  equations  of  the  form 

dU  (  dU  dU  dU  \ 

where  P(V)  is  the  preconditioning  matrix,  can  make  the  condi¬ 
tion  number  of  the  characteristic  speeds,  i.  e  ,  the  eigenvalues 
of  the  matrix  PAnx  +  PBny  +  PCnx,  where  n  is  a  unit 

vector,  as  low  as  1  /  1  —  min(M2  ,  M-2),  down  from  the 

standard  value  (M  +  l)/min(Af  ,  \M  -  1|).  This  result 
has  not  previously  been  reported  at  any  of  the  conferences  on 
Hyperbolic  Problems. 

There  are  a  number  of  numerical  benefits  to  the  use  of  such  a 
preconditioning: 

1.  It  removes  the  stiffness  of  the  system  of  Euler  equations 
caused  by  the  range  of  wave  speeds,  thus  improving  the 
rate  of  convergence  of  any  marching  scheme  to  a  steady 
solution. 

2.  It  makes  the  system  of  equations  behave  more  like  a 
scalar  equation,  which  simplifies  the  design  and  analysis 
of  any  auxiliary  numerical  technique. 

3.  It  may  prevent  the  loss  of  spatial  accuracy  for  M  —  0, 
observed  in  the  use  of  standard  Euler  schemes. 

Examples  of  each  of  these  three  uses  will  be  presented. 
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The  scheme  of  Nessyahu-Tadmor  in  one  spatial  dimension  is  a 
second  order  scheme  of  Van  Leer  type,  using  the  approximate 
Riemann  solver  of  the  Lax-  Friedrichs  scheme.  The  conver¬ 
gence  is  proved  in  the  scalar  case[l}.  Here,  we  consider  the 
bidimensional  version  of  this  scheme.  We  use  a  triangular  non- 
structured  meshe  of  R  x  R  to  solve  . 

dfl  +  Vgrad(u)  =  O.inRxR 
u(x,0)  =  uo(x) 

The  scheme  consists  in  two  steps.  We  consider  the  approxi¬ 
mate  solution  u(tn);  then  using  a  finite  volume  formulation  on 
the  barycentric  cells  C,  ,  constructed  around  the  vertices  i  of 
the  triangles,  leads,  upon  integrating  the  equation  in  C, ,  to 
the  approximate  solution  u(tn+i).  Then  integrating  a  second 
times  in  a  “sub-barycentric  cell”,  we  obtain  u(l„+2 )  We  es¬ 
tablish  a  weak  estimate  on  the  spatial  derivatives  which  ensures 
the  weak  star  convergence  in  the  space  of  essentially  bounded 
functions  to  the  weak  solution  of  the  linear  problem 

[1]  Nessyahu,  H  and  E.  Tadmor,  “Non-Oscillatory  Central  Dif¬ 
ferencing  for  Hyperbolic  Conservation  Laws."  J.  Comp 
Phys.,  vol.  87,  pp.  408-463,  1990 
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Similarity  Reductions  and  Painleve  Analysis 
for  Nonlinear  Boltzmann  Equation 


Conservation  Laws  and  Exterior  Calculus 


K.Vijayakumar  a  and  O.P.Bhutani 

Department  of  Mathematics 
Indian  Institute  of  Technology 
Hauz  Khas ,  New  Delhi  •  110016,  India 

Presented  by  K.  Vijayakumar 

Using  scale  invariant  transformation  we  have  obtained  a  new 
class  of  exact  solution  to  the  Boltzmann  equation  of  order 
(p+1).  Further,  computation  of  symmetry  operators  for  Boltz¬ 
mann  equations  of  order  2,3,4  and  5  has  enabled  us  to  conjec¬ 
ture  the  symmetry  operator  for  all  p  £  /+  which  leads  to  Lie 
Algebra  of  order  4.  For  p  =  1,  which  corresponds  to  the  Krook- 
Wu  model  of  the  Boltzmann  equation,  the  resulting  equation 
has  been  studied  for  group  invariant  solutions  through  similar¬ 
ity  reduction  and  Painleve  analysis.  It  is  interesting  to  point 
out  that  Painleve  analysis  has,  beside  providing  three  new  ex¬ 
act  solutions  to  the  Boltzmann  equation,  enabled  us  to  recover 
two  well  known  solutions  available  earlier  in  the  literature. 


"Now  at  Punjab  University,  Chandigarh,  India. 


David  H.  Wagner 

Mathematics  Department 
University  of  Houston 
Houston,  TX  77204-3476 

The  natural  language  for  divergence-form  conservation  laws  is 
the  language  of  differential  forms  Use  of  differential  forms 
helps  us  to  recognize  facts  that  have  not  previously  been  readily 
apparent.  In  particular,  such  use  shows  quite  clearly  that  equa¬ 
tions  of  continuity  for  solid  mechanics  should  be  transformed 
(under  coordinate  transformations)  as  differential  forms  of  de¬ 
gree  one,  and  not  as  differential  forms  of  degree  n- 1  In  addition 
we  show  that  weakly  closed  differentia)  forms  transform,  under 
locally  bi-Lipschitz  coordinate  transformations,  into  weakly 
closed  forms,  and  that  exterior  products  of  weakly  closed  forms 
are  weakly  closed.  This  allows  us  to  resolve  a  mystery  in  solid 
mechanics  regarding  redundant  conservation  laws  for  the  de¬ 
formation  gradient. 
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3D  Simulations  of 

Colliding  Hypersonic  Radiative  Flows 
in  Astrophysics 

Rolf  Waldet 

Institut  fur  Astronomie 
ETH  Zurich,  Switzerland 

Simulations  of  colliding  hypersonic  radiative  flows  are  pre¬ 
sented  For  the  simulations  we  numerically  solved  the  inho¬ 
mogeneous  Euler  equations  with  a  multidimensional  high  res¬ 
olution  integrator  of  the  MUSCL  type  [2].  To  achieve  the  nec¬ 
essary  spatial  resolution  we  made  use  of  the  adaptive  mesh 
refinement  algorithm  of  Berger  [lj. 

Jets,  supernova  remnants,  stellar  winds,  and  accretion  flows 
are  examples  for  hypersonic  flows  in  astrophysics.  The  Mach 
Numbers  can  easily  reach  several  hundred.  A  common  feature 
of  the  flows  is  the  collision  with  surrounding  matter,  e.g.  the 
interstellar  medium  or  a  second  hypersonic  flow.  Complex  flow 
patterns  evolve  showing  interaction  of  shocks,  instabilities  of 
different  types  and  turbulence  (see  Figure  9).  This  collision 
greatly  influences  the  observable  features  of  the  objects,  e  g., 
the  spectra  or  its  shape.  Therefore,  a  proper  simulation  of  such 
collision  zones  is  essential. 

The  numerical  modeling  of  hypersonic  colliding  flows  is  very 
demanding  for  several  reasons.  We  And  strong  shock  waves 
interacting  with  each  other.  The  resulting  high  temperature 
regions  are  effectively  cooled  by  radiation.  This  process  leads 
to  thermal  instabilities  which  are  difficult  to  compute  because 
the  thermal  cooling  time  scale  may  be  many  orders  of  mag¬ 
nitude  smaller  than  the  dynamical  time  scale  of  the  flow.  In 
double  star  systems,  the  two  stellar  components,  which  are  the 
sources  of  the  hypersonic  flows,  move  in  ellipses  around  each 
other.  Therefore,  outflow  boundary  conditions  from  moving 
objects  have  to  be  implemented  in  the  calculations. 

For  the  first  time,  collision  of  hypersonic  astrophysical  flows 
can  be  computed  properly  in  3D  using  advanced  numerical 
techniques  such  as  high  resolution  integrators  and  adaptive 
mesh  refinement.  Another  important  aspect  of  this  work  is 
the  visualization  of  the  3D  flow  pattern. 

[1]  M.J.  Berger,  “Adaptive  Mesh  Refinement  for  Hyperbolic 

Equations,"  Lectures  in  Applied  Mathematics,  vol.  22, 
pp  31-40,  1985. 

[2]  P.  Cotella,  “Multidimensional  Upwind  Methods  for  Hyper¬ 

bolic  Conservation  Laws,"  J.  Comput.  Phys.,  vol.  87, 
pp.  171,  1990. 


Models  for  Rate  Dependent  Plasticity 

Feng  Wang 

Department  of  Applied  Mathematics  and  Statistic  \ 
State  University  of  Sew  York 
Stony  Brook,  NY  1 1  794 

The  purpose  of  this  talk  is  to  analyze  an  intrinsic  limitation  on 
strain  rate  in  the  widely  used  Steinburg-Lund  model  for  rate 
dependent  plasticity  and  to  propose  a  modification  which  re¬ 
moves  this  limitation  and  allows  a  fit  to  experimental  data  with 
strain  rate  up  to  I06sec~ 1  The  Steinberg- Lund  model,  when 
inverted  to  give  an  inverse  rate,  or  characteristic  time,  is  a  sum 
of  two  terms.  The  first  represent  the  time  for  a  dislocation  to 
overcome  a  potent lalbat tier  to  its  motion  The  second  is  vis¬ 
cous  drag,  for  the  motion  of  a  dislocation  across  the  valleys 
between  the  barriers-  The  proposed  modification  is  to  remove 
the  effect  of  the  first  term  smoothly  at  high  strain  rates,  as  the 
barriers  are  blow  available  strain  energies  in  this  sense 
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Superconvergence  of 
Mixed  Finite  Element  Methods  for 
Maxwell’s  Equations 


Homogenization  in  Elastodynamics  with 
Force  Term  Depending  on  Time 

Ping  Wang 

Department  of  Mathematics 
Penn  State  University 
Schuylkill  Haven,  PA  17972 


In  this  short  work  we  extend  the  study  on  the  homogenization 
problem  for  an  elastic  material  containing  a  distributed  array 
of  gas  bubbles  to  the  case  when  the  body  force  depending  on 
time.  By  technically  constructing  an  approximating  sequence, 
we  are  able  to  show  the  convergence  of  semigroups  and  there¬ 
fore  prove  the  main  result  that  such  spongy  material  can  be 
approximated  by  a  uniform  elastic  material  in  elastodynamics 
for  general  force  term 


E.  Suli  and  J.C.  Wood  u 

Oxford  University  Computing  Laboratory 
Wolfson  Building,  Parks  Road 
Oxford,  OX l  3QD,  England 

Presented  by  J.C.  Wood 

For  the  numerical  solution  of  Maxwell's  equations,  finite  ele¬ 
ment  methods  applied  to  the  differential  forms  are  becoming 
viable  contenders  to  the  historically  older  integral  equation  fi¬ 
nite  element  techniques  Unfortunately,  for  the  majority  of 
finite  element  methods  in  use,  little,  if  any,  analysis  is  avail¬ 
able.  We  consider  the  stability  and  accuracy  properties  of  two 
classes  of  mixed  finite  element  methods  for  the  time-dependent 
Maxwell  system.  The  first,  known  as  the  ECHL  scheme,  uses 
piecewise  constant  basis  functions  to  approximate  the  electric 
field  and  continuous  bilinear  basis  functions  for  the  magnetic 
field.  The  second  popular  family  of  methods,  developed  by 
N&teJec,  employs  a  hierarchy  of  curl-conforming  basis  func¬ 
tions  to  discretize  the  electric  field  and  standard  finite  element 
basis  functions  for  the  magnetic  field. 

Using  energy  analysis,  we  present  a  complete  stability  and 
error  analysis  for  these  methods.  We  derive  optimal  error 
bounds  and  establish  superconvergence  properties  at  points  as¬ 
sociated  with  the  degrees  of  freedom  and  with  respect  to  care¬ 
fully  selected  discrete  i^-norms.  We  develop  new  techniques 
for  bounding  the  truncation  errors  of  these  schemes,  and  admit 
quite  general  assumptions  on  the  boundary  conditions 

aThis  work  has  been  supported  by  the  Science  and  En¬ 
gineering  Research  Council  (SERC). 


86 


On  Mode  III  Propagation  of 
Adiabatic  Shear  Bands 

T.W.  Wright  and  J.W.  Walter 

Lf.S.  Arm  j  Research  Laboratory 
Aberdeen  Proving  Grounds,  MD  21005 

Presented  by  T.W.  Wright 

Adiabatic  shear  bands  are  severe  localizations  in  plastic  defor- 
macion  due  to  a  material  instability  As  plastic  deformation 
occurs,  the  material  heats  up  due  to  plastic  work  When  ther¬ 
mal  softening  overcomes  work  hardening  and  rate  hardening 
combined,  strain  softening  begins  and  t.  local  instability  has  a 
chance  to  occur  In  one  dimension,  as  in  a  Hopkinson  bar  tor¬ 
sion  test,  the  material  loses  strength  in  a  catastrophic  manner, 
but  in  two  dimensions  a  contact  discontinuity  develops  and 
propagates  edgewise,  somewhat  like  a  crack  in  a  brittle  mate¬ 
rial  Instead  of  a  stress  free  surface,  however,  the  shear  band 
has  a  sliding  discontinuity  with  large  heat  generation.  This 
paper  begins  a  discussion  of  the  mechanics  of  such  surfaces, 
the  simplest  case  being  the  mode  III  of  antiplane  motion.  In 
analogy  to  the  crack  problem,  a  similarity  solution  for  the  re¬ 
gion  close  to  the  end  of  the  shear  band  is  found,  but  here  the 
singularity  is  much  weaker  and  depends  on  the  strain  rate  sen¬ 
sitivity.  As  a  consequence,  mathematically  the  tip  of  a  shear 
band  seems  to  be  rather  diffuse,  which  also  seems  to  correspond 
to  the  physical  situation. 


Nonlinear  Stability  of  Contact  Discontinuity 
Zhouping  Xin 

Courant  Institute  of  Mathematical  Sciences 
New  York  University 
251  Mercer  Street 
New  York,  NY  10012 

The  stability  of  contact  discontinuities  of  the  full  1-D  com¬ 
pressible  Euler  equations  is  subtle  The  question  is  whether  a 
contact  discontinuity  can  be  an  asymptotic  state  for  the  corre¬ 
sponding  viscous  system  In  this  talk  I  will  present  a  recent  re¬ 
sult  which  shows  that  contact  discontinuities  are  '‘metastable  " 
wave  patterns  for  the  compressible  Euler  equations  for  ideal 
gases  with  uniform  viscosity.  More  precisely,  it  is  found  that 
although  a  contact  discontinuity  is  not  an  asymptotic  attrac¬ 
tor  for  the  viscous  system,  yet  a  viscous  wave  pattern,  which 
approximates  the  contact  discontinuity  on  any  finite  time  in¬ 
terval,  can  be  constructed,  and  which  is  shown  to  be  asymp¬ 
totically  stable  with  small  generic  perturbations  for  the  viscous 
system  provided  that  the  strength  of  the  contact  discontinuity 
is  suitably  small.  In  fact,  a  detailed  asymptotic  form  of  the 
viscous  solution  can  be  obtained.  A  generic  perturbation  of 
the  contact  discontinuity  introduces  a  shift  in  the  center  of  the 
diffusive  contact  wave,  and  nonlinear  diffusion  waves  in  the  two 
sound  wave  families.  This  asymptotic  form  can  be  determined 
a  priori  by  the  distribution  of  the  initial  excessive  mass.  A  cou¬ 
pled  linear  diffusion  wave  located  essentially  in  the  region  of 
the  diffusive  contact  wave  is  needed  to  obtain  the  asymptotic 
ansatz.  The  stability  is  obtained  by  using  a  carefully  designed 
weighted  energy  estimate.  This  is  joint  work  with  D  Hoff 
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Gevrey  Well-Posedness  of 
Nonstrict  Hyperbolic  Equations 

S.  Ya.  Yakubov  and  Ya.  S.  Yakubov 

Afula  Research  Institute.  Department  of  Mathematics. 
University  of  Haifa,  Israel 

School  of  Mathematical  Sctences,  Tel- Aviv  University. 
Israel 

Presented  by  Ya.  S.  Yakubov 

Consider  in  principal  an  initial  boundary  value  problem  for  a 
nonstrict  hyperbolic  equation 

d2nu(t,r) 

at2n 

+  t  •««)  = 

Its  1  ^  1 


d2*  (  82(n‘'-k)u(t,0) 

1*,  Si™  V°‘'k  9<ra(n„-*) 

uo 

+  Tuku(t,  •))  =  0,  (2) 

=  uMd(*>-  *  =  0,  ,.,(2n-l),  (3) 


The  Method  of 

Wavewise  Entropy  Inequalities  for 
Numerical  Analysis  of 
Hyperbolic  Conservation  Laws 

Huanan  Yang 

Department  of  Mathematics 
Kansas  State  University 
Manhattan.  KS  66506 

In  this  talk:  we  introduce  the  method  of  wavewise  entropy 
inequalities  for  analysis  of  entropy  consistency  of  TVD  non- 
oscillatory  shock  capturing  schemes  for  Cauchy  problems  of 
conservation  laws 

Ut  +  /(«  ).r  =  0 

Let  u”  be  the  numerical  solution,  9j+\/2  the  numerical  dux 
and  tij  =  (u”+u”*1  )/2.  For  convex  flux  /,  we  present  the  fol¬ 
lowing  criterion  for  entropy  consistency:  Suppose  fLIN(x)  is 
the  linear  function  with  JLIN(a)  =  /(a)  and  fLIN{b)  =  f(b) 
such  that  fLlN(x)  >  J(x)  for  a  <  x  <  b  Then  the  scheme  is 
entropy  consistent  if  the  following  quadrature  inequality  holds 
For  any  such  a  and  b,  there  is  a  positive  constant  6  such  that 
if  a  s  Q j  <  &/-fl  ij  '  ’  '  ^  fly  —  b  if  9l  — 1/2  =  1/2 

*7- 1/2  =  9J+ 1/2*  then 
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1=1 


“j^J  +  1/2  +  *  < 


f 

J  a 


JLIN(T)dl 


where  (t,r)  g  R  x  [0, 1],  v  s  1 . 2 n,  integers  n  >  1,  n„  < 

n  -  1;  <*„*  and  are  complex  numbers,  |aio|  +  l^vol  *  0; 
a*(  )  6  C[0, 1],  o„(r)  *  0  V*  e  (0,1],  o*(0)  =  «*(1);  roots 
wj(x), . . .  ,u)2n(r)  of  the  characteristic  equation  an(*)ui2n  + 

on_,(x)w2("-,)4 - +0i(r)ui2  +  V  ss  0  are  real  V*  g  (0, 1]  and 

the  roots  w1(x), . . . ,  un(x)  are  situated  on  the  left  side  of  the 
imaginary  axis  and  the  roots  u„4i(r), .... u]n(s)  on  the  right 

side;  the  system  ovou^2n*'l(0)  +  |9vou^2b,'1(1)  +  7You,  u  = 
1, . . . ,  2n,  is  normal.  We  introduce  some  n-component  func¬ 
tional  Banach  spaca  B  and  associate  with  problem  (l)-(3) 
some  operator  A  in'#  and  corresponding  Gevrey  space  G(a;  vt) 
which  depends  on  a  parameter  a. 


Examples  of  both  semi-discrete  and  fully-discrete  schemes,  of 
both  Godunov  type  and  the  type  using  flux  limiters  are  pre¬ 
sented  to  show  the  applications  of  the  criterion  The  conver¬ 
gence  of  these  schemes  has  been  open  problems 


Theorem.  £et  the  following  conditions  be  sa defied: 

l.  0(0)  ^  0,  0(1)  /  0,  where  0(r)  =  detS(s)  end 


f  ‘  =  1 . »■ 

«*<*<  .. 

I  £  /W'?'*"  f  =  n  +  l,....2n. 

V  k«0 

for  y  s  1, ... ,  2n. 

2.  linear  operators  B*  from  W2*(0, 1)  into  Lq( 0, 1)  s re  com¬ 
ped,  3f  g  (I,  +oo); 

3.  linear  functionals  T„*  ore  continuous  in  W2^n*'-it^(0, 1), 
3r  g  [l,  +oo), 

<•  (“lO.UjO.  -.“an-lL))  .  (u2(  ).“*(  ).  .“2n(  )) 

belong  to  G(a;A),  where  0  <  a  <  2. 

Then  G(a\A)  it  dense  in  E  and  problem  (l)-(3)  hss  a  unique 
strang  solution  u  such  that  (u(t,  ),  u"(t,  •),...  ,u^2n_2^(t,  ■))  be¬ 
longs  to  G(o;  A)  for  all  t  g  A. 

‘Both  authors  were  supported  by  the  Israel  Ministry  of 
Absorption. 
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A  Functional  Integral  Approach  to 
Shock  Wave  Solutions  of  the 
Euler  Equations  with  Spherical  Symmetry 

Tong  Yang 

Department  of  Mathematics 
University  of  Iowa 
Iowa  City,  IA  522^2 

In  this  paper,  we  consider  the  spherically  symmetric  Euler 
equations  for  compressible  gas  dynamics  in  R 3  outside  a  fixed 
ball  For  n  x  n  systems  of  conservation  laws  in  one  dimension 
without  source  terms,  the  existence  of  global  weak  solutions 
was  proved  by  Glimm  (l|  Glimm  constructed  approximate  so¬ 
lutions  using  a  difference  scheme  by  solving  a  class  of  Riemann 
problems.  It  is  well  known  that  there  is  no  proof  for  global  exis¬ 
tence  of  weak  solutions  for  more  than  one  dimension,  although 
there  are  many  results  for  one  dimension.  In  our  problem,  the 
Euler  equations  can  be  reduced  to  a  one  dimensional  problem 
by  spherical  symmetry,  but  there  is  a  non-integrable  source 
term,  and  it  is  an  open  problem  to  show  that  the  solutions  of 
these  equations  remain  bounded  for  alt  time. 

We  conahder  the  Cauchy  problem  for  the  Euler  equations  in 
the  spherically  symmetric  case  when  the  initial  data  are  small 
perturbations  of  the  trivial  solution,  i.e.  u  =  0  and 
t>  =  constant,  where  u  is  velocity  and  p  is  density.  We 
show  that  this  Cauchy  problem  can  be  reduced  to  an  ideal 
nonlinear  problem  approximately.  If  we  assume  ail  the  waves 
move  at  constant  speeds  in  the  ideal  problem,  by  using  Glimm’s 
scheme  and  an  integral  approach  to  sum  the  contributions  of 
the  reflected  waves  that  correspond  to  each  path  through  the 
solution,  we  get  uniform  bounds  on  the  fc°°  norm  and  total 
variation  norm  of  the  solutions  for  all  time.  The  geometric 
effects  of  spherical  symmetry  lead  to  a  non-integrable  source 
term  in  the  Euler  equations.  Correspondingly,  we  consider  an 
infinite  reflection  problem  and  solve  it  by  considering  the  can¬ 
cellations  between  reflections  of  different  orders  in  our  ideal 
problem.  Thus  we  view  this  as  an  analysis  of  the  iteration  ef¬ 
fects  at  the  quadratic  level  in  a  nonlinear  model  problem  for 
the  Euler  equations.  Although  it  is  far  more  difficult  to  obtain 
estimates  in  the  exact  solutions  of  the  Euler  equations  due  to 
the  problem  of  controlling  the  time  at  which  the  cancellations 
occur,  our  analysis  leads  to  an  interesting  new  norm  for  the  ini¬ 
tial  data  which  is  appropriate  for  proving  the  stability  (in  the 
total  variation  norm)  of  the  solutions  in  the  spherically  sym¬ 
metry  setting.  And  we  have  identified  a  new  global  dissipative 
mechanism  that  is  not  baaed  on  the  nonlinearity  of  the  wave 
speeds.  We  believe  that  this  analysis  of  the  wave  behaviour  will 
be  the  first  step  in  solving  the  problem  of  existence  of  global 
weak  solutions  for  the  spherically  symmetric  Euler  equations 
outside  a  fixed  ball. 


Solutions  to  the 

Euler  Equations  with  Large  Data 
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Presented  by  Robin  Young 

We  consider  the  full  3x3  Euler  equations  for  inviscid  gas 
dynamics  in  one  space  dimension.  We  show  that  for  any  large 
time  T,  solutions  to  the  Cauchy  problem  exist  up  to  time  T. 
for  initial  data  with  arbitrarily  large  bounded  variation,  as  long 
as  the  sup-norm  is  small  enough  As  a  corollary,  we  obtain  a 
large-time  existence  result  for  periodic  solutions.  We  obtain 
an  explicit  discretized  “path  integral"  formula  for  a  modified 
Glimm  functional.  We  then  find  a  time-dependent  bound  for 
this  functional  which  is  independent  of  the  mesh  size  This 
ensures  that  a  subsequence  of  the  Glimm  approximants  con¬ 
verges  to  a  solution.  The  analysis  relies  heavily  on  the  fact 
that  the  entropy  is  a  Riemann  coordinate,  so  that  any  new  en¬ 
tropy  generated  by  weak  interactions  is  cubic  in  the  strengths 
of  incident  waves,  fn  general,  some  assumption  on  the  system 
is  needed  to  avoid  blowup  of  solutions  in  finite  time  On  the 
other  hand,  our  analysis  does  not  take  nonlinear  decay  into  ac¬ 
count.  The  inclusion  of  nonlinear  decay  should  yield  stronger 
results,  possibly  including  time- independent  bounds 


°This  research  was  supported  by  a  grant  from  the  Dept, 
of  Energy,  Grant  Number  DE-FG02-88ER25053. 
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The  Asymptotic  and  Transient  Scalings  of 
Fluid  Mixing  Induced  by  Random  Fields 


Two-Dimensional  Riemann  Problems  for 
Systems  of  Conservation  Laws 


Qiang  Zhang 

Department  of  Applied  Mathematics  and  Statistics 
SUNY  at  Stony  Brook 
Stony  Brook,  NY  11794-3600 

We  have  developed  a  qualitative  theory  for  the  mixing  of  flu¬ 
id!  induced  by  a  random  velocity  field.  The  theory  provide* 
a  quantitative  prediction  for  the  growth  of  the  mixing  region 
There  are  three  distinct  regime*  for  the  asymptotic  scaling  be¬ 
havior  of  the  mixing  layer,  depending  on  the  asymptotic  be¬ 
havior  of  the  random  velocity  field  The  asymptotic  diffusion 
is  Fickian  when  the  correlation  function  of  the  random  field  de¬ 
cays  rapidly  at  large  length  scales.  Otherwise  the  asymptotic 
diffusion  is  ncn-Fickian.  The  scaling  behavior  of  the  mixing 
layer  in  a  general  random  velocity  field  is  determined  over  all 
length  scales.  Our  results  show  that,  in  general,  the  scaling 
exponent  of  the  mixing  layer  is  non-Fickian  on  all  finite  length 
scales.  In  the  Lagrangtan  picture,  due  to  the  non-linearity  of 
the  effective  dynamical  equation  derived  from  the  Taylor  diffu¬ 
sion  theory,  the  mixing  layer  is  not  a  fractal  even  if  the  random 
velocity  field  is  a  fractal. 


Tong  Zhang  “ 

Institute  of  Mathematics 
Academia  Sinica 
Beijing  100080 
Peoples’  Republic  of  China 

A  certain  type  of  Riemann  problem  for  the  two-dimensional 
Euler  equations  in  gas  dynamics  is  summarised 

1  The  problem  is  ultimately  classified  from  sixteen  to 
eighteen  cases 

2  Numerical  simulation  for  each  case  has  been  done 

3.  None  of  the  cases  has  been  completely  treated  analyti¬ 
cally 

In  seder  to  approach  it,  a  simplified  model  of  a  3  x  2  sys¬ 
tem  has  been  treated  with  analytical  proof  as  well  as  numeri¬ 
cal  timulatimusA  new  kind  of  nonlinear  hyperbolic  wave,  the 
Delta-shodtji^hari  in  some  solutions. 

“Research  supported  partly  by  NSFC. 
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Colloid  Layering  as  a  Dispersive  Phenomenon 


Kevin  Zumbcun 

Indiana  University 
Bloomington,  IN  47+05 

Colloid  suspensions  exhibit  layering  behavior  in  experiment, 
which  has  not  been  completely  explained  mathematically  We 
discuss  a  model  developed  by  Rubinstein  to  describe  the  evolu¬ 
tion  of  a  stratified  suspension  of  particles  in  a  fluid  Our  anal¬ 
ysis  suggests  that  layering  is  a  dispersive  effect  that  is  quite 
familiar  in  other  contexts. 
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Figure  1:  Two  films  of  wave  interactions. 


Figure  2:  Flowfield  in  the  inlet  of  a  scram  jet. 


Figure  3:  Complex  structure  of  a  radiative  shock  wave  and  the  working  mechanism  of  AMR  in  a  ID  calcula¬ 
tion.  Cell  boundaries  are  indicated  by  dashes  (a).  Dynamical  instability  of  the  cold  gas  layer  demonstrated 
in  a  cylindrically  symmetric  computation  (b). 


Figure  4:  The  flow  in  a  complex  cylindrical  geometry  with  a  moving  piston. 
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Figure  5:  Computed  grid  and  shocks  using  the  optimal  grid  formulation. 
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Figure  6:  Flow  over  a  bluff  body.  Flat  plate,  placed  normal  to  the  flow.  Mach  number  at  infinity:  M  =  0.6. 
reference  Reynolds  number  (based  on  plate  length)  Rec  =  250,  Prandtl  number  Pr  =  0.72.  Solved  with 
Chebyshev  spectral  element  flux-corrected  method  on  a  mesh  consisting  of  300  elements,  with  9  Chebyshev- 
Gauss-Lobatto  points  per  element  and  per  coordinate  direction.  40  iso-Mach  contours. 
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Figure  7:  40  contours  of  non-dimensionalized  pressure. 
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Figure  d:  A  sample  numerical  solution  of  a  Mach  reflection  problem  in  shallow  water. 
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